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Chapter 1
Introduction
Understanding the formation of the large scale structure is one of the fron-
tiers of modern cosmological research. According to the standard scenario, the
large scale structure of the universe that we recognize today under the form
of galaxies, filaments and sheets is the result of evolution and gravitational
growth of small density fluctuations generated at very early times. The study
of large scale structure in the expanding universe is currently a challenging
problem for cosmologists. As universe expands, galaxies cluster under the
influence of motivating gravitational force. Recent observations indicate that
while, the large-scale distribution of galaxies appears to be uniform, however,
small scale distribution is appreciably influenced by well known tendency to-
wards clustering. Based on a few physically motivated assumptions, Saslaw
and Hamilton (1984) arrived at a simple gravitational distribution function,
based on the gravitational thermodynamic approximations which we call as
gravitational quasi-equilibrium distribution (GQED). Applicability of thermo-
1
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dynamics to cosmological many-body problem suggests that statistical me-
chanics should also apply (Ahmad et al 2002).
The discovery of fundamental statistical mechanical description of the
cosmological many-body problem has provided a more rigorous basis for its
earlier thermodynamic description (summarized e.g. in Saslaw (2000)). The
statistical mechanical approach agrees with thermodynamics and is also more
powerful for some purposes such as determining the velocity and energy dis-
tribution functions, along with the associated probabilities that clusters are
bound and virialized (Leong and Saslaw 2004). It is also more general, al-
lowing the particles to have softened gravitational potentials, corresponding
to the models of galaxies with dark matter halos. Furthermore, it can be gener-
alized to systems in which the particles, such as galaxies, have different masses
(Ahmad et al 2006).
These results agree very well with N-body simulations (Itoh 1988, 1990;
Inagaki 1991). They also describe the observed spatial distribution functions
of galaxies with increasing accuracy as catalogs became larger and more com-
plete. The recent example is the analysis of extended sources in the 2 MASS
(Two Micron All Sky Survey) catalog, where the theory, which has no free pa-
rameters, agrees with the observations to better than 97 percent (Sivakoff and
Saslaw 2005; Saslaw & Fang 1996).
Recent study by Saslaw andAhmad (2010) reveal that gravitational many-
body clustering of galaxies in expanding universe may be regarded as a form
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of phase transition, which differ in several ways from laboratory phase transi-
tions. The study of large scale structure is based on certain assumptions which
have their observational support and background. The well known assump-
tions are as:
1. galaxies are the fundamental units of universe.
2. the galaxies interact gravitationally.
3. the universe is homogeneous on large scales.
4. galaxies and clusters of galaxies follow Hubble expansion law.
The large scale homogeneity of the universe was predicted by Einstein and
observational developments agreed well with this prediction. The universe
though considered homogeneous on large scales do have inhomogeneities due
to density contrasts and presence of small irregularities in the distribution of
matter (Lemaitre 1933a, 1934; Shapley 1933 and Saslaw 1985). It is also believed
that during expansion of the universe instabilities arose which produced the
clusters and super-clusters of galaxies. Islands of over-density in the early uni-
verse are widely believed to be the origin of the large structures we observe
today. The more practical point of view is that sufficient perturbations were
present in the initial conditions (Peebles 1980).
Galaxies on very large scales interact gravitationally as particles with a
pairwise potential and the density of the universe determines the strength of
gravity on a global scale (Saslaw 1985). It is the mutual gravity that causes
Chapter: 1 4
the galaxies to aggregate for the formation of clusters. Gravitational cluster-
ing have the advantage that rules do not change as the system evolves and
is understood better. Gravitational galaxy clustering has played a central and
important role in the cosmology. The strength and amount of galaxy cluster-
ing in the expanding universe tells cosmologists a lot about how matter was
laid down in the early universe and what physical processes have evolved the
clustering since that time.
Although the discovery of large scale structure have revealed many com-
plexities, but the understanding of many physical processes is still a challenge
in the modern cosmology. The advent of more advanced telescopes and super-
computers have revealed the physics of large scale structures in the universe
but the mysteries of homogeneity and inhomogeneity are still the mysteries. A
number of statistical techniques have been used to study the large scale dis-
tribution of galaxies. Some of these techniques are percolation (Zeldovich,
Einesto and Shandarin 1982; Grimmet 1989), minimal spanning trees (Pear-
son & Coles 1995; Bhavsar & Splinter 1996), fractals (Mandelbrot 1982; Feder
1988 and Itoh 1990), correlation functions (Totsuji & Kihara 1969; Peebles 1980),
distribution functions (Saslaw & Hamilton 1984; Ahmad et al 2002) have been
used to study the large scale structure in the universe. There are many more
variety of theoretical approaches to large systems of gravitating particles and
no one technique encompasses the full richness of the problem (Saslaw 1987).
Early robust methods in the analysis of galaxy clustering are based on two
point correlation functions. The two point correlation describes one way in
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which the actual distribution of galaxies deviates from simple Poisson. The
use of correlation functions and related statistics have been favourite measure
of the distribution of matter in recent years both in theoretical and observa-
tional analysis (Peebles 2001). The popularity of two point correlation function
to express the statistical properties of galaxies is because this contains informa-
tion about clustering on all higher scales (Zhan 1989; Zhan and Dyer 1989 and
Hamilton 1993). Distribution function have been developed mainly from a
thermodynamic approach to galaxy clustering. The prediction of this theory
as given by Saslaw and Hamilton (1984) agree well with the observations of
galaxy counts. This theory is based on the assumption of gravitational quasi-
equilibrium approximation. In this approach the starting point is the general
forms of equations of state based on first two laws of thermodynamics and the
quasi-equilibrium evolution in the context of expanding universe (Saslaw &
Hamilton 1984). Thermodynamics is applicable to gravitating systems in the
same way as applied to ordinary gases, but the results are surprising. Specific
heat being negative and equilibrium a distant ideal are among the surprising
results of gravithermodynamics or GTD. These differences are because of the
long range and unsaturated nature of gravitational forces. Direct introduction
of gravity into thermodynamics leads to the Jeans instability, it also links up
with linear kinetic theory and provides new insight into non-linear clustering.
The gravity being a binary interaction shows that the particle one-one corre-
lations are needed for thermodynamics (Saslaw 1985, 2000). In galaxy cluster-
ing the initial correlations may not have had enough time to grow to larger
scales. As correlations clumps and clusters evolve and grow in scale, the ther-
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modynamic quantities are averaged over larger scales. Cosmological many
body galaxy distribution function have been obtained from thermodynamics
(Saslaw & Hamilton 1984). Gravitational thermodynamics have been com-
pared to the cosmological many body problem using N-body computer simu-
lation results (Saslaw et al 1990; Itoh et al 1988, 1993), observed galaxy cluster-
ing (Sheth et al 1994; Fang and Zhou 1994 and Raychoudhary and Saslaw 1996)
and theoretical arguments (Zhan 1989; Zhan and Dyer 1989). N-body simula-
tions (Itoh, Inagaki and Saslaw 1988) showed that homogeneous gravitational
clustering in an expanding universe evolves slowly through a series of quasi-
equilibrium states. The thermodynamic theory of gravitational clustering in
an expanding universe has been extended to incorporate the volume depen-
dence of the ratio, b, of gravitational correlation energy to thermal energy and
the resulting form of the gravitational quasi-equilibrium distribution function
remains unchanged by scale dependence. This showed improved agreement
between simulations, observations, and theory and the new results when com-
pared to N-body simulations showed accuracy of 98 percent (Sheth & Saslaw
1996). The resulting consequences of the volume scale dependence of b has
added to our understanding of observational and theoretical aspects of gravi-
tational clustering. Most of the earlier works (Saslaw &Hamilton 1984; Saslaw
1986; Itoh, Inagaki and Saslaw 1988) were mainly based on the Poisson initial
conditions and its conclusion does not show any dependence on power spectra
of the primordial density fluctuations by considering scale free models (Suto,
Itoh and Inagaki 1984). Itoh et al (1988) and Suto et al (1990) have discussed the
scale dependence for N-body simulations and therefore have opened a track
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for making theoretical predictions of a scale dependent distribution function
in a non-linear gravitational clustering .
Galaxy clustering is mainly concerned with infinite systems. Partition
function (Huang 1987) and thermodynamics of an infinite system (Saslaw 2000)
will need grand canonical ensemble. This is because in grand canonical en-
semble, there is exchange of both galaxies as well as energy between the cells
representing galaxy clustering. Thermodynamics and galaxy clustering as de-
scribed by Saslaw & Hamilton (1984) is based on the well known result (Hill
1956) that in a system whose members interact in pairs as with the gravita-
tional potential, the two particle correlation function completely determines
the thermodynamic properties. Among these properties are equations of state
which include gravitation. These equations of state determines the equilibrium
fluctuations. From the fluctuations the distribution functions for the proba-
bility that a volume V of arbitrary shape contains just N galaxies (Saslaw &
Hamilton 1984). A useful way of measuring correlation of galaxies on large
scales is the distribution of galaxy counts in cells which is measured by the
probability PN (V ) of finding N galaxies in randomly placed volume V and is
given (Saslaw & Hamilton 1984, Ahmad et al 2002)
F (N) =
N¯(1− b)
N !
[Nb + N¯(1− b)]N−1e−Nb−N¯(1−b) (1.1)
The distribution function so obtained depends on a parameter bwhich is inter-
preted as being the ratio b = − W
2K
of gravitational correlation energy,W to the
kinetic energy in the peculiar motions, K.
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Our understanding of the structure of the universe is also based on the
distribution of galaxies. The distribution functions of galaxy counts leads nat-
urally to the void probability with observations provides a test of gravitational
clustering theories (White 1979; Ryden & Melott 1996; Arseth & Saslaw 1982).
The conditions under which statistical mechanics is applied to study cosmo-
logical many body problem are very similar to those necessary for the appli-
cability of thermodynamics (Saslaw & Hamilton 1984; Saslaw & Fang 1996;
Saslaw 2000). Thus both the theories are based on simple general physical as-
sumption i.e, local dynamical time scale (Gρ)−1/2 in an over dense region is
faster than global gravitational time scale (Gρ¯)−1/2. This assumption makes
it possible for gravitational clustering to evolve through a sequence of quasi-
equilibrium state. This assumption according to statistical mechanics point of
view indicates that a system can undergo rapid microscopic transition which
sample all its accessible states with approximately equal a priori probability.
The statistical mechanics of N-body system is based on the N-body Hamilto-
nian partition function as a function of N-dimensional integral is evaluated.
All the thermodynamic properties including the equations of state are evalu-
ated.
Gravitational many body clustering of galaxies in an expanding universe
have been regarded as a form of phase transition. Its properties have been
calculated and it was found that they differ from the usual laboratory phase
transitions because of their non occurrence over all scales in short time. Phase
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transitions are a fascinating and fundamental property of many body systems
and can take place when microscopic interactions among the galaxies propa-
gate over large scales resulting in the macroscopic changes in the properties
of the system (Saslaw & Ahmad 2010). The properties of cosmological many
body clustering have been developed at high redshifts and the resulting the-
oretical distributions have been compared with the observations of groups of
galaxies at redshift z = 3. The observed variance of counts in cells and the
probability for forming strongly over dense regions have been analysed. It has
been shown that future observations of the galaxy distribution function can
test cosmological many body clustering and can determine Ω0 more accurately
(Saslaw & Edgar 1999). The peculiar velocity distribution function of galax-
ies in cosmological many body gravitational clustering have been examined .
The statistical mechanical approach generalises the earlier results to galaxies
with haloes. Comparison of the results with the peculiar velocity distributions
shows that individual massive galaxies are usually surrounded by their own
haloes but not embedded in common haloes. The peculiar velocities of galaxies
i.e, their departure from the global cosmic expansion, facilitates a basis for the
discussion of binding and virialization and contain valuable information about
the history of galaxy clustering and the geography of dark matter (Saslaw &
Edgar 1999). The theory in which galaxies are supposed to be surrounded by
individual haloes, is in excellent agreement with relevant N-body simulations
and agrees more accurately with the observations (Crane & Saslaw 1986; Fang
& Zhou 1994; Sheth et al. 1998; Leong & Saslaw 2004)
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The main advantage of statistical mechanical approach is that it can be
applied to non-point mass systems. For extended mass model, each galaxy
is considered to be finite size and the finite size of a galaxy is represented by
introducing softening parameter ǫ (Ahmad 1987). The softening parameter ǫ,
introduces a correction term that lowers the correlation energy in the modified
cosmic energy equation. Different approaches have been explored to under-
stand the evolutionary effects of ǫ both for linear and non-linear theories of
evolution of b (Sheth & Saslaw 1996). This leads to an understanding of the
nature of extensivity in infinite statistically homogeneous gravitating systems.
Distribution of voids have been studied and the void probability function
is linked to the hierarchy of correlation functions of all orders (White 1979).
Voids arise naturally as an initially homogeneous system of galaxies cluster
gravitationally. It was found that comparing void probability with observa-
tions provides a strong proof of gravitational clustering theories. The other
important technique used for studying the large gravitating gas clouds is the
Riemannian geometric approach to thermodynamic fluctuation theory (Rup-
peiner 1996). The major motivating factor behind this theory is the connection
between the Riemannian curvature and interactions. Thermodynamic fluctua-
tion theory was originated by Einstein in 1907. This approach views the prob-
lem from the macroscopic perspective. It particularly stresses on the notions
of covariance and consistency, which is expressed using the language of Rie-
mannian geometry. In addition to this it also describes the basic structure of
thermodynamic fluctuation theory (Ruppeiner 1979, 1981) beyond the classical
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one (Einstein 1907, 1910). The main application of this approach is to galaxy
clustering, where the overall size of the universe appears to exceed the cor-
relation length. The equations of state which are found by this approach are
analytic. These equations of state are obtained first by starting at the ideal gas
state then extending to the states having pressure about one quarter those of
the corresponding ideal gas. The end of this analytical approach corresponds
to galaxy clustering (Ruppeiner 1996). The distribution functions obtained by
thermodynamical approach (Saslaw&Hamilton 1984) and statistical mechani-
cal approach (Ahmad et al 2002) depends on a parameter bwhich is interpreted
physically as being the ratio of gravitational correlation to the kinetic energy
in the peculiar motions. Different forms of b were developed by Ruppeiner
by using Riemannian Geometric approach to thermodynamic fluctuations of
density and temperature.
The aim of the present work is to investigate cosmological many-body
problem on the basis of Riemannian geometric approach to thermodynamic
fluctuation theory. A variety of theoretical approaches have been applied to
study the properties of very large gaseous systems of particles interacting through
their mutual gravity, since large gravitating systems are central to several is-
sues in astrophysics. One of the important approach was introduced by Rup-
peiner (1996) to study the gravitating system i.e. Riemannian geometric ap-
proach to thermodynamics. This approach allows us to work out thermody-
namic equations of state, and when applied to the clustering of galaxies in an
expanding universe, it confirms and extends Saslaw &Hamilton’s (1984) work
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which did not allow an explicit calculation of the equations of state. These
equations of state became the basis for calculation of thermodynamic fluctua-
tions for any thermodynamic state (Ruppeiner 1996). Riemannian geometric
approach determines the interaction parameter b explicitly. Ruppeiner (1996)
made use of the geometric relation between thermodynamic curvature and
free energy per volume at critical point and expressed it as partial differential
equations for b. Solutions of these differential equations depend upon some
singular points in thermodynamic space. These singular points are the points
where the existence and uniqueness theorems break down. Five types of sin-
gularities were identified . Thus we see a number of solutions were obtained
which gave relation between b and ρ¯T−3 and one of the solutions resembles
Saslaw & Hamilton (1984) and Ahmad et al (2002). The explanations of other
solutions was not given in detail. In present thesis our main motive is to inter-
pret the other solutions. Wemade use of the power spectrum analysis to study
these solutions.
We also aimed to study the effect of higher order corrections on the ther-
modynamic properties and distribution functions. The additional higher or-
der terms do have the effect on these properties but the effect decreases as the
number of particles increases. Earlier, the system was assumed to be dilute
and less dense and only the first term of expansion was included in the parti-
tion function (Ahmad et al 2002). Later two terms were included to study the
phase transitions (Saslaw & Ahmad 2010). the aim of the present work is to
study the thermodynamic properties and the distribution functions of moder-
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ately and strongly degenerate systems.
The present thesis is organised as: in second chapter we determine the
exact functional form of the clustering parameter b(x). It is the clustering
parameter which contains the complete information of clustering. Earlier a
number of methods have been applied to study the functional dependence
of clustering parameter and it was found that clustering parameter depends
on a special combination of density and temperature (Saslaw & Fang 1996;
Saslaw & Hamilton 1984). The functional dependence of clustering parameter
was determined by combining first and second laws of thermodynamics (Ah-
mad 1996) and separately by using Maxwell’s relation (Ruppeiner 1996). Then
the exact functional form of clustering parameter was suggested by Saslaw &
Hamilton (1984) as a hypothesis. It was only after the discovery of fundamen-
tal statistical mechanical description of the cosmological many body problem
(Ahmad et al 2002) that the exact functional form of clustering parameter ap-
peared naturally from the equations of state. Now, in this chapter we derive
the exact functional form of clustering parameter. By using the fact that the
thermodynamic curvature has the dimensions of volume a second order dif-
ferential equation is developed, the solution of which gives the exact functional
form of b(x).The same form of interaction parameter is obtained with the help
of Riemannian geometric approach to thermodynamic fluctuation theory by
using the assumption that temperature fluctuations on a given scale are pro-
portional to the density fluctuations. We first calculate the curvature and then
compare the curvature with that of the curvature at critical point and the clus-
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tering parameter appears spontaneously from the relation.
In third chapter we examine cosmic energy equation for extended galaxy
structures on the basis of different models of universe and by using the cos-
mic energy equation for extended masses we study the evolution of clustering
parameter. we find the critical values of clustering parameter for non-point
masses. We made an attempt to investigate different numerical values of clus-
tering parameter which were earlier found by Ruppeiner (1996) using Rieman-
nian geometric approach to thermodynamic fluctuation theory. We further
study the evolution of this interaction parameter using the assumption that
mean square number fluctuations are equal to mass fluctuations. This study is
done for both linear and non-linear regimes. We solve the linear perturbation
equations for point mass systems numerically and study the evolution of clus-
tering parameter as a function of redshifts. The comparative evolution of the
clustering strength with redshift is done for point and non-point mass systems.
We also made an attempt to solve the perturbation equation analytically by
series solution method. We also extend the power spectrum and density fluc-
tuations for extended structure by introducing softening parameter for both
linear and non-linear regimes. The results are compared with earlier results of
point mass structures. It is found that softening parameters introduced in the
theory has some influence on the thermodynamic fluctuation theory. Results
obtained with spectrum analysis are also compared with Riemannian geomet-
ric approach (Ruppeiner 1996) to galaxy clustering. The singular solutions of
thermodynamic fluctuation results can be interpreted on the basis of power
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index of two point correlation function.
In fourth chapter we determine the functional form of clustering parame-
ter on a special combination of temperature and pressure. Assuming tempera-
ture and pressure as independent coordinates of the thermodynamic space, we
evaluate the non-diagonal line element and the general expression for curva-
ture with the help of Riemannian geometric approach. We apply this expres-
sion to calculate the curvature of an ideal gas and a gravitationally interacting
system. Thus we use the curvature to study the gravitational clustering of
galaxies and further we attempted to explore the possibility for evaluating the
thermodynamic curvature using free energy.
In fifth chapter we study the gravitational clustering of strongly degen-
erate systems of galaxies, by including higher order terms in the gravitational
partition function. We study the effect of softening parameter on higher order
clustering. Using the more accurate form of partition function, we calculate
the exact equations of state and the distribution function for moderately and
strongly degenerate systems. Comparative study of distribution function is
done to see the effect of higher order terms on clustering. We also calculate the
number fluctuation moments for a strongly interacting systems.
Finally in chapter sixth, we discuss and summarize the results of the
present study.
Chapter 2
Thermodynamic Fluctuations and
Functional Form of Clustering
Parameter b
Introduction
Combining thermodynamics with gravity is not simple, but due to ef-
forts of Saslaw and Hamilton (1984), it became possible to relate these two in a
closed form. Since gravity is a long-range force and thermodynamics applies to
equilibrium systems, hence a gravitational quasi-equilibrium state is assumed
for such system, which has worked quite well for cosmological many body
problems (Saslaw 2000). For a system of infinite N-particles (galaxies), one can
link kinetic theory with gravitational potential energy Φ(r) and two-point cor-
relation function ξ(r) through general equations of states (Hill 1982)
16
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The general equations of state for pressure P and internal energy U are:
U =
3
2
[
1 +
2ρ
3kT
∫
V
Φ(r)ξ(r, ρ, T )4πr2dr
]
(2.1)
P =
NT
V
[
1− 2ρ
3kT
∫
V
r
dΦ(r)
dr
ξ(r, ρ, T )4πr2dr
]
(2.2)
In general the above equations can be written as
U =
3
2
NT [1− 2b(ρ, T )] (2.3)
P = ρT [1− b(ρ, T )] (2.4)
Where the parameter b(ρ, T ) is called clustering parameter and is defined as
ratio of gravitational correlation energy, −W , to twice kinetic energy K of the
peculiar velocities i.e.
b = −W
2K
=
2πGm2ρ¯
3T
∫ R1
0
ξ(r, ρ, T )rdr (2.5)
Here ρ¯ = N¯
V
(average particle density), R1 is size of cell under study.
The parameter depends on the form of the two-particle correlation func-
tion. The parameter b in equations (2.3) and (2.4) can be further expressed in
terms of x = ρT−3, thus
b(ρ, T ) = b(G3m6ρT−3) = b(ρT−3) = b(x) (2.6)
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The parameter b(x) which appears in the equations of state (Saslaw & Hamil-
ton 1984) contains the complete information of clustering. The main task is
to determine the functional form of b in terms of x. A number of methods
have been applied to see the dependence of b(ρ, T ) on a special combination of
ρ and T (Saslaw & Fang 1996). The simplest relation showing the functional
dependence of b(ρ, T ) is:
b(ρ, T ) = b(ρT−3) (2.7)
(Saslaw & Hamilton 1984).
By combining first and second laws of thermodynamics, we have well
known result (
∂U
∂V
)
T,N
= T
(
∂P
∂T
)
V,N
− P (2.8)
Substituting equations (2.3) and (2.4) into (2.8) gives (Ahmad 1996)
3ρ
∂b
∂ρ
+ T
∂b
∂T
= 0 (2.9)
Integration of equation (2.9) along its characteristics shows that its solution has
the form
b = b(ρT−3) (2.10)
for any functional form of b. Equation (2.10) is also obtained from Maxwell
relation (
∂P
∂T
)
V,N
=
(
∂S
∂V
)
T,N
(2.11)
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where S is the entropy. A necessary and sufficient condition that equation
(2.11) is satisfied indicates that b(ρ, T ) is a function of a single variable x such
that
x = ρT−3 (2.12)
There are many physical constraints which support the functional rela-
tion (2.7). The possible values of b(ρT−3) for positive correlations lie between
zero and one. b(ρ, T ) depends on G3m6ρT−3 where G is the gravitational con-
stant and m the mass of each galaxy. Thus it was assumed that a power series
expansion of b(G3m6ρT−3) must start off linearly with its argument. At low
temperatures and high densities strong and bound clusters are formed, which
implies that as b→ 1 as ρT−3 becomes large.
Thus an adhoc hypothesis was suggested by Saslaw & Hamilton (1984), that
the simplest form of b(ρ, T ) which satisfies these properties is
b(ρ, T ) =
b0ρT
−3
1 + b0ρT−3
(2.13)
This specific form of b(x) was originally adopted as an hypothesis satisfying
the physical boundary conditions b→ 0 as T →∞ and b→ 1 as T → 0. Many
specific modifications of the form of b = x
α
1+xα
with α 6= 1 have been discussed.
But there were many undesirable physical consequences. It was shown that
the functional form of b(x) follows essentially from the pairwise nature of the
gravitational interaction. In the limit of vanishing gravitational interaction,
the system reduces to a perfect gas and b(x) increases as the system becomes
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more clustered. The specific form of b(x) was also obtained by using the con-
cept of minimal clustering hypothesis. Another way of getting the functional
form of b(x) is to combine the two limits i.e. perfect gas limit and the complete
clustering limit (Saslaw & Fang 1996). The discovery of fundamental Statisti-
cal mechanical description of the cosmological many-body problem (Ahmad
et al 2002) has provided a more rigorous basis for its earlier thermodynamic
description. The parameter b appears naturally in the theory and is given by
equation (2.13) from this statistical mechanical description.
In another approach, the theory of fluctuations in the axioms of the ther-
modynamics has enabled us to represent thermodynamic systems by Rieman-
nian manifolds. The curvature of these manifolds being associated with inter-
actions is of more physical interest (Ruppeiner 1979). Ideal gas is characterized
by absence of inter particle interaction and the open systems composed of the
ideal gas have zero curvature. The curvature goes to infinity at the critical
point in the same way as the correlation volume. This is the main motivation
for associating curvature with interactions (Ruppeiner 1996). The thermody-
namic curvature has the units of volume and is the measure of the smallest
volume where the classical thermodynamic fluctuation theory should work.
Near the critical point this volume is the correlation volume ζd where d is the
dimensionality of the space. The relation between thermodynamic curvature
R and the correlation volume is
R = k1ζ
d (2.14)
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where k1 is a dimensionless constant of order unity (Ruppeiner 1995). The
correlation volume is related to the thermodynamic potential or free energy
per volume:
φ = −k2
ζd
(2.15)
where k2 is constant of proportionality. Thermodynamic curvature R is pro-
portional to the inverse of free energy
R = − k1k2
φsingular
(2.16)
This is called the geometric equation which states that the thermodynamic cur-
vature is proportional to the inverse of free energy, where φ = s− u
T
+ µρ
T
= P
T
,
s is the entropy per volume, u is the energy per volume and µ is the chemi-
cal potential (Ruppeiner 1995, 2005). The word singular means it is connected
with intermolecular interactions and ideal gas part is subtracted and is given
by (Ruppeiner 1996):
R = − k1k2b(x)
ρ(1− b(x)) (2.17)
In proceeding sections second order differential equation is developed
and its series solution gives the functional form of b(x), the same result is ob-
tained using Riemannian geometric approach to thermodynamic fluctuation
theory.
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2.1 Correlation volume and functional form of b
The thermodynamic curvature has the units of volume and is the measure of
smallest volume where the classical thermodynamic fluctuation theory should
work. Near the critical point there exists a relation between curvature R and
the correlation volume (Ruppeiner 1996)
The necessary condition for the thermodynamic curvature to be propor-
tional to volume is
∂2R
∂V 2
= 0 (2.18)
Since curvature at critical point is given by
R = − kV b
N(1− b) (2.19)
where
k = k1k2 (2.20)
Differentiate equation (2.19) with respect to volume, we get
∂R
∂V
=
k(1− b)(b+ V ∂b
∂V
)− V b(− ∂b
∂V
)
N(1− b)2 (2.21)
Or
∂R
∂V
=
kb(1− b) + V ∂b
∂V
N(1− b)2 (2.22)
Differentiating equation (2.22) w.r.t. V, we get
∂2R
∂V 2
= k
[
V
N(1− b)2
∂2b
∂V 2
+
2
N(1− b)2
∂b
∂V
+
2V
N(1− b)3
(
∂b
∂V
)2]
(2.23)
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One can express ∂b
∂V
as
∂b
∂V
=
db
dx
∂x
∂V
(2.24)
where
∂x
∂V
=
−x
V
(2.25)
Thus,
∂b
∂V
= − x
V
db
dx
(2.26)
∂2b
∂V 2
=
(
2x
V 2
db
dx
+
x2
V 2
d2b
dx2
)
(2.27)
use equations (2.26) and (2.27) in (2.23), we get
∂2R
∂V 2
= k
[
(1− b)x2 d2b
dx2
+ 2x2( db
dx
)2
NV (1− b)3
]
(2.28)
use equation (2.28) in (2.18), we obtain,
(1− b) d
2b
dx2
+ 2
( db
dx
)2
= 0 (2.29)
This is a second order differential equation which has a singular solution at
b = 1. But this singularity is a removable singularity, hence has a series solution
can be applied as:
b =
∞∑
λ=0
bλx
λ (2.30)
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where bλ are the coeffients to be determined. Differentiate equation (2.30) once
and twice with respect to x respectively, thus we have
db
dx
=
∞∑
λ=0
bλλx
λ−1 (2.31)
d2b
dx2
=
∞∑
λ=0
bλλ(λ− 1)xλ−2 (2.32)
Substitute equations (2.30), (2.31) and (2.32) in (2.29), we get
(
1−
∞∑
λ=0
bλx
λ
)( ∞∑
λ=0
bλλ(λ− 1)xλ−2
)
+ 2
( ∞∑
λ=0
bλλx
λ−1
)2
= 0 (2.33)
∞∑
λ=0
bλλ(λ− 1)xλ−2 −
( ∞∑
λ=0
bλx
λ
)( ∞∑
λ=0
bλλ(λ− 1)xλ−2
)
+ 2
( ∞∑
λ=0
bλλx
λ−1
)2
= 0
(2.34)
which implies
(2b2x
0 + 6b3x+ 12b4x
2 + 20b5x
3 + .....)− (b0x0 + b1x1 + b2x2
+b3x
3 + ....)(2b2x
0 + 6b3x+ 12b4x
2 + 20b5x
3 + ..) + 2(b1x
0 + 2b2x
+3b3x
2 + 4b4x
3 + ....)2 = 0 (2.35)
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Further simplication of equation (2.35), yields
[
(2b2x
0 + 6b3x+ 12b4x
2 + 20b5x
3 + .....)
]− [(2b0b2x0 + (6b0b3
+2b1b2)x+ (12b0b4 + 2b
2
2 + 6b1b3)x
2 + (2b0b5 + 2b2b3
+12b1b4 + 6b2b3)x
3 + ...
]
+
[
2b21 + 8b1b2x+ 2(4b
2
2 + 6b1b3)x
2
+2(12b2b3 + 8b1b4)x
3 + ....
]
= 0 (2.36)
As per the boundary conditions b = 0 at x = 0, which implies that
b0 = 0 (2.37)
In order to find other coefficients, we equate the coefficients of different powers
of x to zero in equation (2.36)
b2 = −b21 (2.38)
b3 = b
3
1 (2.39)
and in general
bk+1 = (−1)kbk+11 (2.40)
where k = 1, 2, 3, ......
Thus the complete solution of equation (2.29) is
b(x) = b1x+ b2x
2 + b3x
3 + ..... (2.41)
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Or
b(x) =
b1x
1 + b1x
(2.42)
which is same as suggested by Saslaw & Hamilton (1984) and Ahmad et al
(2002).
2.2 Thermodynamic curvature fromRiemannian ge-
ometry and the functional form of interaction
parameter
If temperature T and density ρ are independent variables in a system , where
there is exchange of particles and energy with the surroundings, then these
two variables fluctuate and their thermodynamic metric elements are given by
using equations (2.3) and (2.4) given by (Ruppeiner 1996):
gTT =
1
T 2V
(
∂U
∂T
)
ρ
=
3ρ
2T 2
(
1− 2b+ 6x db
dx
)
(2.43)
gρρ =
1
Tρ
(
∂P
∂ρ
)
T
=
1
ρ
(
1− b− x db
dx
)
(2.44)
A manifold for distance is given by Riemannian thermodynamic metric and
can be written as
(∆l)2 = gTT (∆T )
2 + gρρ(∆ρ)
2 (2.45)
Where g is defined as
g = gTTgρρ (2.46)
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Using the assumption that the temperature fluctuations on a given scale are
proportional to the density fluctuations (Saslaw & Sheth 1992) i.e.
(
∆T
T
)2
= c
(
∆ρ
ρ
)2
(2.47)
where c is the constant of proportionality, and for convenience we put this
constant equal to unity, the thermodynamic metric elements give the second
fluctuation moments (Landau and Lifshitz 1977)
(∆T )2 =
1
V gTT
(2.48)
(∆ρ)2 =
1
V gρρ
(2.49)
Using equations (2.47) and (2.46), we get
g = (gρρ)
2 ρ
2
T 2
(2.50)
Now using equation (2.44) in (2.50), we obtain
g =
1
T 2
(
1− b− x db
dx
)2
(2.51)
We define thermodynamic Riemannian curvature R (Ruppeiner 1996) as
R =
1√
g
[
∂
∂T
(
1√
g
∂gρρ
∂T
)
+
∂
∂ρ
(
1√
g
∂gTT
∂ρ
)]
(2.52)
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We can write equation (2.52) as
R =
1√
g
[
RT +Rρ
]
(2.53)
where RT and Rρ are defined as
RT =
[
∂
∂T
(
1√
g
∂gρρ
∂T
)]
(2.54)
and
Rρ =
∂
∂ρ
[(
1√
g
∂gTT
∂ρ
)]
(2.55)
In order to calculate RT and Rρ we use equations (2.43), (2.44) and (2.47) and
are given by:
RT = − 9x
ρT
d
dx
[(
2x db
dx
+ x2 d
2b
dx2
)(
1− b− x db
dx
) ] (2.56)
and
Rρ = − x
ρT
d
dx
[
(2x db
dx
+ x2 d
2b
dx2
)
(1− b− x db
dx
)
]
(2.57)
Now combining equation (2.56) and (2.57) and substituting in equation (2.53)
gives R as
R = − 10x√
gρT
d
dx
[
(2x db
dx
+ x2 d
2b
dx2
)
(1− b− x db
dx
)
]
(2.58)
After simplification of equation (2.58) and put k0 = 10, we have
R = −k0
ρ
[
2xb′ − 2xbb′ + 2x2b′2 + 4x2b′′ − 4x2bb′′ + x3b′′′ − x3bb′′′
−x4b′b′′′ + x4b′′2][1− b− xb′]−3 (2.59)
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where b′ = db
dx
, b′′ = d
2b
dx2
and b′′′ = d
3b
dx3
.
This equation gives a general expression of thermodynamic curvature. Wewill
use it to obtain exact functional form of b(x) in next section.
2.3 Functional form of interaction parameter from
Riemannian geometry
To obtain expression for R we express b in a series and find b′, b′′ and b′′′ from
it, thus we have
b = (b1x
1 + b2x
2 + b3x
3 + . . . ) (2.60)
db
dx
= b′ = (b1 + 2b2x
1 + 3b3x
2 + 4b4x
3 + . . . ) (2.61)
d2b
dx2
= b′′ = (2b2 + 6b3x
1 + 12b4x
2 + . . . ) (2.62)
d3b
dx3
= b′′′ = (6b3 + 24b4x
1 + . . . ) (2.63)
We use the initial boundary conditions for b such that b = 0 at x = 0 and use
equations (2.60), (2.61), (2.62),and (2.63) in (2.59), we get
R = −2k0
ρ
[
b1x+ 6b2x
2 + (18b3 − 3b1b2)x3 + (40b4 − 16b1b3)x4 + . . .
]
[
1 + 6b1x+ (9b2 + 24b
2
1)x
2 + (12b3 + 72b1b2 + 80b
3
1)x
3 + . . .
]
(2.64)
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Or
R = −2k0
ρ
[
b1x+ 6(b2 + b
2
1)x
2 + (18b3 + 42b1b2 + 24b
3
1)x
3 +
(40b4 + 104b1b3 + 198b
2
1b2 + 54b
2
2 + 80b
4
1)x
4 + . . .
]
(2.65)
The thermodynamic curvature at critical point is also given by (Ruppeiner
1996)
R = − kb
ρ(1− b) (2.66)
where
k = k1k2 (2.67)
Expressing equation (2.66) in terms of series expansion, then the curvature at
critical point is
R = −k
ρ
[
b1x+ (b
2
1 + b2)x
2 + (b31 + 2b1b2 + b3)x
3 + . . .
]
(2.68)
Now comparing the coefficients of different powers of x of equations (2.65)
and (2.68), we find k = 2k0 and obtain
b2 = −b21 (2.69)
b3 = b
3
1 (2.70)
In general
bj+1 = (−1)jbj+11 (2.71)
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where j = 1, 2, 3, ......
Using equation (2.71) in equation (2.60), we get
b(x) =
b1x
1 + b1x
(2.72)
which is same as suggested by Saslaw & Hamilton (1984) and derived by Ah-
mad et al (2002). Thus we see that the Riemannian geometric approach to ther-
modynamic fluctuation theory also gives exactly the same functional form of b
provided the temperature fluctuations are proportional to density fluctuations.
Chapter 3
Fluctuations of Non-point Mass
Galaxy Distribution
Introduction
For an infinite, homogeneous gravitational system assumed to be in the
quasi-equilibrium state, Saslaw & Hamilton (1984) derived distribution func-
tion f(N) for point masses of N-particles in a volume of size V on the basis
of gravitational thermodynamic theory. The distribution function so obtained
depends on a parameter b which is interpreted physically as being the ratio
b = − W
2K
of gravitational correlation energy, W , to the kinetic energy in the
peculiar motions, K. It was also derived and generalized using a more fun-
damental statistical mechanics method (Ahmad et al. 2002, 2006) for galaxies
having extended structures by introducing softening parameter ǫ in the the-
ory. Further, it was generalized to systems containing particles of two or more
different masses (Ahmad et al. 2006a). An alternative attempt was made by
32
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Ruppeiner (1996) to develop different forms of b by combining Riemannian
geometric approach with thermodynamic fluctuations of density and temper-
ature. One of the solution of Riemannian curvature resembles earlier results
of (Saslaw & Hamilton 1984) and (Ahmad et al. 2002), but other numerical
results need further study. In this direction an attempt is made to investigate
and understand the other solutions which lead to different numerical forms of
b. We study the results on the basis of cosmic energy equation which takes into
account both linear and non-linear clustering model of correlation functions
(Suto et al. 1990).
The results are also studied on the basis of extended structure of galax-
ies which are combined with the power spectrum. It was first observed by
Blackman & Tukey (1959)’s eloquent demonstrations of advantage of power
spectrum over correlation function for measurement of small fluctuations and
has been analysed by Hu et al. (2001) and Peebles (2001) for clustering anal-
ysis. We do not yet have an adequate understanding for the origin of power
spectrum of primordial density fluctuations. Therefore it is usually assumed
that primordial density fluctuations with initial power spectrum P (k) ∼ kn,
where k is the wave number in the units of hMpc−1 (Peebles 2001). Both the
two correlation function ξ(x) and the power spectrum P (k) characterise the
distribution of galaxies, clusters and super clusters. In an ideal case in the ab-
sence of errors, and if both functions are determined in the whole space, they
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form a mutual pair of Fourier transformation (Peebles 1980).
ξ(r) =
1
2π2
∫ ∞
0
P (k)k2
sinkr
kr
dk, (3.1)
P (k) = 4π
∫ ∞
0
ξ(r)r2
sinkr
kr
dr. (3.2)
These relations are useful when studying theoretical models or results of nu-
merical solutions.The power spectrum is the quantity predicted directly by
theories for the formation of large scale structure. In the case of a density field
in which the fluctuations are drawn from a Gaussian distribution, the power
spectrum gives a complete statistical description of the fluctuations.
Here we study the evolution of b for extended masses using thermody-
namic fluctuations and cosmic energy equation. Then we determine the criti-
cal value of b for extended masses using the result of N-body simulation. We
also use power spectrum analysis and density fluctuations to study the evolu-
tion of b for extended masses of galaxies both in linear and non-linear regimes.
We solve the linear perturbation equation numerically for extended structures
to study the variation of b with redshifts in the expanding universe.
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3.1 Thermodynamicfluctuations and cosmic energy
equation for extended structures
The standard paradigm for the formation of large scale in the universe is ini-
tially small fluctuations in density amplified by gravity. The amplitude of fluc-
tuations on different length scales are equivalently on different mass scales
described by the power spectrum. The power spectrum is the quantity pre-
dicted directly by the theories for the formations of large scale structure. In the
case of density field in which the fluctuation are drawn from the initial Gaus-
sian distribution, the power spectrum gives a complete statistical description
of fluctuations. As it is known that primordial power spectrum has power law
dependence and can be characterised by power index on large scales, n, and by
its amplitude on certain characteristic scales (Peebles 2001). The case n = +1 is
generally referred to curvature fluctuation of constant amplitude on all scales
(Harrison 1970; Zel’dovich 1972).
Recently cosmic energy equation for extended mass structures (i.e. galax-
ies with halos) which cluster gravitationally in the expanding universe with
scale factor a(t) was developed by Ahmad et al. (2009) and can be expressed
as:
d
dt
(K +Wǫ) +
a˙
a
(2K +Wǫ + ηWǫ) = 0, (3.3)
where η is a constant defined as
η = ǫ2
W ′ǫ
Wǫ
. (3.4)
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This is the dynamical result and is applicable to both linear and nonlinear
regimes. Wǫ is the gravitational correlation energy for extended galaxies hav-
ing softening parameter ǫ and is related to two point correlation function ξ
by
Wǫ = − ρ¯
2G
2
∫ ∫
ξ(r, r′, t)
[|r− r′|2 + ǫ2] 12 dV dV
′, (3.5)
where ρ¯ is meanmass density of universe,W ′ǫ is related to two point correlation
function given by
W ′ǫ =
ρ¯2G
2
∫ ∫
ξ(r, r′, t)
[|r− r′|2 + ǫ2] 32 dV dV
′, (3.6)
K is the kinetic energy of peculiar velocities given by:
K =
3
2
N¯T =
1
2
N∑
i=1
mv2i , (3.7)
in the energy units in which Boltzmann’s constant is unity, vi is the peculiar
velocity of ith galaxy relative to the Hubble expansion, all N galaxies are as-
sumed to have same mass.
The above result given by equation (3.3) reduces to the point mass equa-
tion for ǫ = 0,Wǫ = W , thereby reproducing earlier results of Layzer (1963).
Now, we define bǫ a ratio of gravitational correlation energy Wǫ to the kinetic
energy K for extended structures:
bǫ = −Wǫ
2K
. (3.8)
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Following the method of Saslaw (1986) and Suto et al. (1990) let yǫ(t) =
1
bǫ(t)
,
the equation(3.3) is written as
dyǫ
dt
− (2− yǫ)
Wǫ
dWǫ
dt
− 2 a˙
a
(1− yǫ + η) = 0. (3.9)
Now using a relation between point mass and non-point mass systems for b
given by Ahmad et al. (2002) and expressing it in terms of yǫ:
1
bǫ
= 1 +
1
αb
− 1
α
, (3.10)
yǫ =
y + α− 1
α
, (3.11)
where α in terms of softening parameter and cell radius R1 is given by:
α =
√
1 + (
ǫ
R1
)2 + (
ǫ
R1
)2ln
( ǫ
R1
)
1 +
√
1 + ( ǫ
R1
)2
, (3.12)
for point mass system ǫ = 0, α = 1.
Substitution of equation (3.11) in equation (3.9) gives evolution of b for non-
point masses of galaxies
dy
dt
− (1 + α− y)
Wǫ
dWǫ
dt
− 2 a˙
a
(1− y + αη) = 0. (3.13)
The expansion factor a(t) can be expressed as a power law in terms of time t i.e.
a(t) ∝ ts, which is a general expression and is true for any cosmological model
for constant value of s, e.g; s = 1/2, 2/3 and 1 corresponds to Dirac, Einstein-de
Sitter and Milne Universes respectively. We can also express Wǫ(t) as power
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law in terms of t, which can be justified by expressing time evolution d
dt
=
a˙ d
da
in terms of scale length and using BBGKY hierarchy method of Inagaki
(1976) for fluid limit (ρ¯ ∝ a−3). This approximation gives Wǫ in terms of a
which in turn can be made rigorous by a multiple time scale analysis. Hence
we can write general expression for Wǫ(t) in terms of t as Wǫ(t) ∝ tβ, where
β is constant. Therefore equation (3.13) can be solved by using power law
dependence of a(t) andWǫ(t) as:
a(t) ∝ ts
Wǫ(t) ∝ tβ. (3.14)
If s = 2
3
, then we recover Einstein-de Sitter model and equation(3.13) reduces
to:
dy(t)
dt
=
(1 + α− y)β
t
+
4(1− y + αη)
3t
. (3.15)
The above equation can be solved for y(t) and reduces to:
y = yc + (y0 − yc)
( a
a0
)−j
. (3.16)
In the above equation we have used a ∝ t 23 and a0 ∝ t
2
3
0 , where j is given by:
j = −2− 3β
2
. (3.17)
The asymptotic value (or critical value) of b is given by:
1
yc
= bc =
3β + 4
3β(α+ 1) + 4(1 + αη)
. (3.18)
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Suto et al. (1990) found that b = bc does not depend on the present value b
but it is determined by β. They found by N-body simulations the value of β is
sensitive to the primordial power spectrum law i.e. n and is roughly fitted to
β ∼ 1− n
3
, (3.19)
with this value, bc from equation (3.18) is expressed as:
bc ∼ 5− n
(5 + α)− n(α + 1) + 4αη . (3.20)
For point mass system α = 1, η = 0, then above reduces to earlier result of
Suto et al. (1990). The table (3.1) gives critical values of bc in terms of softening
parameter ǫ for different models by taking various values of spectrum index n.
If we combine scale free power spectrum P ∼ kn with scale free expansion
law a ∼ ts, we get two completely different regimes of evolution of gravitat-
ing structures. The first one called linear, when every Fourier mode grows at
the same rate and the second one called non-linear regime, when we assume
that objects are virialized and is called ”Stable Clustering” (Peebles 1974). For
stable clustering regime (Peebles 1974) found that
ξ(r) ∼ r−γ, (3.21)
where
γ =
9 + 3n
5 + n
. (3.22)
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Cosmic structures grow by the action of gravitational forces on finite ampli-
tude initial density fluctuations with a given power spectrum (Jones et al.
2004). Thus for different n we have different slopes of two-point galaxy corre-
lation function e.g. for n = 0, γ = 1.8 and for n = 1 we have γ = 2 and so on.
An alternate approach for gravitational galaxy clustering based on Rie-
mannian geometric approach to thermodynamic fluctuation was developed
by Ruppeiner (1996). By combining Riemannian curvature with the thermo-
dynamic fluctuation results, Ruppeiner (1996) developed a second order dif-
ferential equation for b(ρ¯T−3) and its solution leads to five singular values of
b(ρ¯T−3). One of the solutions has close agreement with (Saslaw & Hamilton
1984) results based on gravitational thermodynamic approximation. However
no physical explanation has been put forth on the basis of the theory proposed
by Ruppeiner (1996) for various solutions at different critical values of b. The
numerical solutions of the differential equation at singular points is given by
critical values of bwhich correspond to different singularities at bc = 0.70, 0.75,
0.87, 1. We interpret these solutions as a result of various initial conditions of
two point correlation functions with different power index values obtained by
power spectrum analysis. The power index n = 1, 0, −1, −2 correspond to
bc = 0.70, 0.75, 0.87 and 1
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3.2 Power index law and density fluctuations
The evolution of a small amplitude density fluctuation on a particular scale can
be followed independently of fluctuation that may exist on other scales i.e. it
will be on linear scale. On the other hand fluctuation on different length scales
can be on non-linear and density fluctuations changes the shape of power spec-
trum. We would like to understand evolution of b on two scales for a system
of galaxies having extended nature. However, the problem of evolution of b
on linear and non-linear scales for point mass system was carried by Suto et
al. (1990) and we extend this method to systems of non-point mass systems of
galaxies in both linear and non-linear regime. The mean square number fluc-
tuation in a volume in the distribution of non-point mass galaxies is given by
Ahmad (2002)
〈(δN
N
)2〉 = 1
N¯
1(
1− bǫ(R)
)2 . (3.23)
On the other hand, the mass fluctuations as obtained from power spectrum
(Peebles 1980)
〈(δM
M
)2〉 = 1
2π2
∫ ∞
0
k2P (k, a)w(k,R)dk, (3.24)
where w(k,R) is a window function and usual model is Gaussian. The expres-
sion for power spectrum P (k, a) is different for linear and non-linear regimes
and is given by Peebles (1980) and Suto et al.(1990)
P (k, a) ∝ kna2(t) (linear), (3.25)
P (k, a) ∝ k −65+na 65+n (t) (non-linear). (3.26)
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Equating the mass fluctuations of galaxy distribution with the number fluctua-
tion given by equations (3.24) and (3.23) respectively with conventional choice
of Gaussian e.g exp(−k2R2)we obtain (Suto et al. 1990) for point mass systems
1− b(R, a) = [N¯〈(δM
M
)2
(R, a)〉]− 12 . (3.27)
Now substituting power spectrum expressions for both linear and non-linear
regimes from equations (3.25) and (3.26) in equation (3.24) for extended struc-
tures we get: (
1− b(R, a)) ∝ a−1Rn2α
1− (1− α)a−1Rn2 , (3.28)
for linear regimes and
(
1− b(R, a)) ∝ a− 35+nR− 35+nα
1− (1− α)a− 35+nR− 35+n
, (3.29)
for non-linear regime.
The equations (3.28) and (3.29) reduces to point mass results for α = 1 Suto et
al.(1990).
Above equations express clearly the effect of extended structures of galax-
ies on the clustering. We compare our results with N-body simulation results
carried by Suto et al. (1990) for point mass and non-point mass in tables (3.2)
and (3.3) for different softening parameter ǫ. We examine the effect of soften-
ing parameter b as a scale-dependent quantity b = b(R) in both linear and non-
linear regimes. Tables (3.2) and (3.3) show the effect of softening parameter ǫ
on 1− b(R, a) for linear and non-linear regimes respectively. The earlier results
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of Suto et al. (1990) correspond to point mass systems ǫ = 0 and are com-
pared with different values of ǫ as a function of power index n. These tables
also indicate N-body simulation results of Suto et al. (1990). In linear regime
(table 3.2) one can observe that results corresponding to softening parameter
ǫ = 0.15 is closely fitting the computer N-body experiments. However, in the
non-linear regime (table 3.3) the results indicate that for different values of n
the N-body simulation computer results fit at different values of ǫ. Thus we in-
fer that clustering in non-linear regime is strongly influenced by the softening
parameter.
3.3 Effect of extended structure on galaxy clustering
The small density fluctuations δ(t) in linear regime in co-moving coordinates
is related to b(t) by a simple equation for a point mass system of galaxy distri-
bution (Zhan 1989; Inagaki 1991). This can be extended to a non-point mass
system of galaxies in cosmological many body problem and we explore the ef-
fect of parameter ǫ by using statistical mechanics results developed earlier by
Ahmad et al. (2002). Using growth of linear density perturbation δ(t) which is
related to number fluctuations in co-moving coordinate as (Zhan 1989; Inagaki
1991):
δ(t) =
N(t)− N¯
(N¯)
1
2
. (3.30)
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Combining equation(3.23) with (3.30) and using equation(3.10) for bǫ in terms
of b, we find
b(t) =
δ(t)− 1
δ(t)− 1 + α, (3.31)
where α is a measure of non-point mass effect is given by equation (3.12).
Above equation reduces to point mass result (Zhan 1989) for α = 1, which
corresponds to ǫ = 0.
For Einstein-de Sitter model (Ω0 = 1) of universe the linear perturbation
equation is given by Peebles (1980)
d2δ(t)
dt2
+
4
3t
dδ(t)
dt
− 2
3t2
δ(t) = 0, (3.32)
and its solution for metric scale a ∝ t 23 is given by
δ(t) =
3a
5ai
+
2
5
( a
ai
)− 3
2 . (3.33)
For open model Ω0 < 1 (upper sign) and for closed model Ω0 > 1 (lower sign)
one finds (Peebles 1980)
d2δ(x)
dx2
+
(3± 4x)
2x(1± x)
dδ(x)
dx
− 3δ(x)
2x2(1± x) = 0, (3.34)
where the variable x is defined as
x ≡ |Ω−1 − 1| = |Ω−1i − 1|
a
ai
, (3.35)
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and Ωi is the initial density parameter at the beginning of clustering. We solve
the equation (3.34) numerically for b(z) and its variation with redshift z, by
making use of relation 1 + z = a0/a and present value of b. The present value
is chosen from Zwicky catalog which is b = 0.75± 0.05 (Saslaw & Crane 1991;
Lahav & Saslaw 1992).
The numerical results between b(z) and z are shown in the figures 3.1
to 3.6, which clearly indicates the influence of ǫ on clustering parameter b(z) as
compared to point mass (ǫ = 0) results. These results correspond to Ω0 = 0.1,
0.2, 0.3, 0.4, 0.5 and 1.0 with different present values of b = 0.65, 0.75, 0.85 and
effect of softening parameter ǫ on clustering and are comparedwith point mass
results (Saslaw 2000) The numerical results clearly indicate that values corre-
sponding to small values of softening parameter has very little effect on clus-
tering parameter. However effect is evident as softening parameter increases
above ǫ = 0.10. However, there is limit in the physical value of ǫ discussed by
Ahmad et al. (2002)
3.4 Solution for open and closed models
3.4.1 Open model
The general character of the evolution of small density inhomogeneities in a
zero pressure Friedman Lemaitre cosmological model has been known since
the work of Lifshitz (1946). There were two solutions. Near the singularity the
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solutions vary as t−1 and t−3/2, where t is the proper time since (or until) the
singularity. In an open cosmological model at large t one solution varies as t−1
and the other one approach a constant value. The solution of open model has
been discussed by Guyot and Zeldovich (1970). In this section we determine
the solutions of open and closed model analytically by series solution method.
The general equation for these models is expressed as:
d2δ(x)
dx2
+
3± 4x
2x(1± x)
dδ(x)
dx
− 3δ(x)
2x2(1± x) = 0 (3.36)
let δ(x) = y, equation (3.36) can be written as
d2y
dx2
+
3± 4x
2x(1± x)
dy
dx
− 3y
2x2(1± x) = 0 (3.37)
For open model Ω0 < 1 (upper sign) and for closed model Ω0 > 1 (lower sign).
Thus the equation for open model is
2x2(1 + x)
d2y
dx2
+ (3 + 4x)x
dy
dx
− 3y = 0 (3.38)
Let the solution of equation (3.38) be
y =
∞∑
j=0
ajx
j+c (3.39)
differentiating equation(3.39) once and twice, we obtain
dy
dx
=
∞∑
j=0
aj(j + c)x
j+c−1 (3.40)
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d2y
dx2
=
∞∑
j=0
aj(j + c)(j + c− 1)xj+c−2 (3.41)
Substitute equations(3.39), (3.40) and (3.41) in (3.38) we get
2
∞∑
j=0
aj(j + c)(j + c− 1)xj+c + 2
∞∑
j=0
aj(j + c)(j + c− 1)xj+c+1
+3
∞∑
j=0
aj(j + c)x
j+c + 4
∞∑
j=0
aj(j + c)x
j+c+1 − 3
∞∑
j=0
ajx
j+c = 0 (3.42)
Equating to zero, the coefficients of xc, we get indicial equation
a0(c− 1)(2c+ 3) = 0 (3.43)
Since a0 6= 0, the above indicial equation gives c = 1 and c = −32 Let us now
determine recursion relation by equating to zero, the coefficients of xj+c+1
2aj+1(j+c+1)(j+c)+2aj(j+c)(j+c−1)+3aj+1(j+c+1)+4aj(j+c)−3aj+1 = 0
(3.44)
aj+1 = − (j + c+ 1)
(j + c+ 5/2)
aj (3.45)
This is the general recursion relation. This can be discussed for two cases as
Case 1
c = 1
Substituting c = 1 in equation (3.45), we get
aj+1 = − j + 2
j + 7/2
aj (3.46)
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for j = 0, 1, 2, 3.......j − 1 we obtain coefficients a1, a2, a3.........and aj+1 respec-
tively as
a1 = −2
7
2!a0
a2 =
223!
7× 9a0
a3 = − 2
34!
7× 9× 11a0
a4 =
245!
7× 9× 11× 13a0
. . .
. . .
aj = (−1)j 2
j(j + 1)!
(2j + 5)!!
a0 (3.47)
If a0 = 1, we have
aj = (−1)j 2
j(j + 1)!
(2j + 5)!!
(3.48)
Thus the solution is
y1 =
∞∑
j=0
akx
k+1 (3.49)
y1 = x
[
1 + a1x+ a2x
2 + a3x
3 + · · ·+ akxk + . . .
]
(3.50)
Substituting the coefficients in equation (3.50), we obtain
y1 = x
[
1− 2× 2!
7
x+
22 × 3!
7× 9 x
2 +
23 × 4!
7× 9× 11x
3 + . . .
+
(−1)k2k(k + 1)!
(2k + 5)!!
xk + . . .
]
(3.51)
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Thus
y1 = x
∞∑
j=1
[
1 + (−1)j 2
j(j + 1)!
(2j + 5)!!
xj
]
(3.52)
Case 2
c = −3/2
Putting c = −3/2 in equation (3.45), we obtain
aj+1 = −j − 1/2
j + 1
aj (3.53)
for j = 0, 1, 2, 3.......j − 1 we obtain coefficients a1, a2, a3.........and aj+1 respec-
tively as
a1 =
1
2
a0
a2 =
1/2(1/2− 1)
1× 2 a0
a3 =
1/2(1/2− 1)(1/2− 2)
1× 2× 3 a0
a4 =
1/2(1/2− 1)(1/2− 2)(1/2− 3)
1× 2× 3× 4 a0
. . .
. . .
aj =
1/2(1/2− 1)(1/2− 2)(1/2− 3) . . . (1/2− j + 1)
j!
a0 (3.54)
Thus the solution is
y2 =
∞∑
k=0
akx
k−3/2 (3.55)
y2 = x
−3/2
[
1 + a1x+ a2x
2 + · · ·+ akxk + . . .
]
(3.56)
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Writing values for different coefficients we express equation (3.56) as:
y2 = x
−3/2
[
1+
1
2
x+
1/2(1/2− 1)
1× 2 x
2+· · ·+1/2(1/2− 1)(1/2− 2) . . . (1/2− k + 1)
k!
xk . . .
]
(3.57)
We can also write it as
y2 =
(1 + x)1/2
x3/2
. (3.58)
This solution of open model was also derived by Guyot and Zel’dovich (1970).
3.4.2 Closed model
The equation for closed model is expressed as
2x2(1− x)d
2y
dx2
+ (3− 4x)xdy
dx
− 3y = 0 (3.59)
Let the solution of equation (3.59) be
y =
∞∑
j=0
ajx
j+c (3.60)
differentiating equation (3.60) once and twice we obtain
dy
dx
=
∞∑
j=0
aj(j + c)x
j+c−1 (3.61)
d2y
dx2
=
∞∑
j=0
aj(j + c)(j + c− 1)xj+c−2 (3.62)
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Substitute equations (3.60), (3.61) and (3.62) in (3.59) we get
2
∞∑
j=0
aj(j + c)(j + c− 1)xj+c − 2
∞∑
j=0
aj(j + c)(j + c− 1)xj+c+1
+3
∞∑
j=0
aj(j + c)x
j+c − 4
∞∑
j=0
aj(j + c)x
j+c+1 − 3
∞∑
j=0
ajx
j+c = 0 (3.63)
Equating to zero, the coefficients of xc, we get indicial equation
a0(c− 1)(2c+ 3) = 0 (3.64)
Since a0 6= 0, the above equation gives c = 1 and c = −32 Let us now determine
recursion relation by equating to zero, the coefficients of xj+c+1
2aj+1(j+c+1)(j+c)−2aj(j+c)(j+c−1)+3aj+1(j+c+1)−4aj(j+c)−3aj+1 = 0
(3.65)
aj+1 =
(j + c+ 1)
(j + c+ 5/2)
aj (3.66)
This is the general recursion relation.
Case 1
c = 1
Substituting c = 1 in equation (3.66), we get
aj+1 =
j + 2
j + 7/2
aj (3.67)
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for j = 0, 1, 2, 3.......j − 1 we obtain coefficients a1, a2, a3.........and aj+1 respec-
tively as
a1 =
2
7
2!a0
a2 =
223!
7× 9a0
a3 =
234!
7× 9× 11a0
a4 =
245!
7× 9× 11× 13a0
. . .
. . .
aj =
2j(j + 1)!
(2j + 5)!!
a0 (3.68)
If a0 = 1, we have
aj =
2j(j + 1)!
(2j + 5)!!
(3.69)
Thus the solution is
y1 =
∞∑
λ=0
akx
k+1 (3.70)
y1 = x
[
1 + a1x+ a2x
2 + a3x
3 + · · ·+ akxk + . . .
]
(3.71)
Substituting the coefficients in equation (3.71), we obtain
y1 = x
[
1 +
2× 2!
7
x+
22 × 3!
7× 9 x
2 +
23 × 4!
7× 9× 11x
3 + . . .
+
2k(k + 1)!
(2k + 5)!!
xk + . . .
]
(3.72)
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Thus
y1 = x
∞∑
j=1
[
1 +
2j(j + 1)!
(2j + 5)!!
xj
]
(3.73)
Case 2
c = −3/2
Putting c = −3/2 in equation (3.66), we obtain
aj+1 =
j − 1/2
j + 1
aj (3.74)
for j = 0, 1, 2, 3.......j − 1 we obtain coefficients a1, a2, a3.........and aj+1 respec-
tively as
a1 = −1
2
a0
a2 =
1/2(1/2− 1)
1× 2 a0
a3 = −1/2(1/2− 1)(1/2− 2)
1× 2× 3 a0
a4 =
1/2(1/2− 1)(1/2− 2)(1/2− 3)
1× 2× 3× 4 a0
. . .
. . .
aj = (−1)j+11/2(1/2− 1)(1/2− 2)(1/2− 3) . . . (1/2− j + 1)
j!
a0 (3.75)
Thus the solution is
y2 =
∞∑
k=0
akx
k−3/2 (3.76)
y2 = x
−3/2
[
1 + a1x+ a2x
2 + · · ·+ akxk + . . .
]
(3.77)
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or
y2 = x
−3/2
[
1− 1
2
x+
1/2(1/2− 1)
1× 2 x
2 + · · ·+ (−1)k+1
1/2(1/2− 1)(1/2− 2) . . . (1/2− k + 1)
k!
xk . . .
]
(3.78)
We can also write it as
y2 =
(1− x)1/2
x3/2
. (3.79)
In previous section we tried to solve the linear perturbation equation for
open and closed models numerically and found the variation of clustering pa-
rameter with redshift z. The results have been shown in graphs for extended
structures. In this section we attempted to solve these perturbation equations
theoretically by series solution method and have found some straightforward
solutions although not discussed in detail. The closed form solutions for the
evolution of linear density perturbations in cosmological models have been
discussed by Groth and Peebles (1975) in more detail. They have discussed the
solutions for zero pressure Friedmann-Lemaitre model and for non-interacting
radiation and matter in a cosmologically flat models. These solutions have the
expected limiting behaviour. They discussed both growing and decaying solu-
tions. One of the solutions of Groth and Peebles (1975) is same as determined
by us through series solution method. The other solutions we found need de-
tailed study in future.
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Table 3.1: Critical values of b for different values of ǫ
n ǫ = 0.00 0.03 0.05 0.15 0.50
1 1.00 0.99 0.99 0.97 0.84
0 0.83 0.83 0.83 0.83 0.76
-1 0.75 0.75 0.75 0.75 0.72
-2 0.70 0.70 0.70 0.70 0.69
Table 3.2: Effect of softening parameter on 1− bǫ for linear regime
ǫ n = 1 n = 0 n = −1 n = −2
0.00 0.50 0.0 -0.50 -1.00
0.05 0.51 0.0 -0.50 -1.00
0.10 0.55 0.0 -0.51 -1.02
0.15 0.61 0.0 -0.53 -1.04
0.20 0.68 0.0 -0.55 -1.06
0.25 0.81 0.0 -0.58 -1.10
0.30 0.89 0.0 -0.59 -1.12
0.35 1.03 0.0 -0.62 -1.15
0.40 1.20 0.0 -0.64 -1.19
0.45 1.44 0.0 -0.67 -1.22
0.50 1.64 0.0 -0.69 -1.25
simulation results 0.6±0.1 -0.05±0.04 -0.53±0.03 -0.9±0.05
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Table 3.3: Effect of softening parameter on 1− bǫ for non-linear regime
ǫ n = 1 n = 0 n = −1 n = −2
0.00 -0.50 -0.60 -0.75 -1.00
0.05 -0.50 -0.60 -0.75 -1.00
0.10 -0.51 -0.62 -0.77 -1.02
0.15 -0.53 -0.64 -0.79 -1.04
0.20 -0.55 -0.66 -0.81 -1.06
0.25 -0.58 -0.68 -0.84 -1.10
0.30 -0.59 -0.70 -0.86 -1.12
0.35 -0.62 -0.73 -0.89 -1.15
0.40 -0.64 -0.76 -0.93 -1.19
0.45 -0.67 -0.79 -0.96 -1.22
0.50 -0.69 -0.81 -0.98 -1.25
simulation results -0.8±0.02 -0.68±0.08 -0.70±0.02 -0.8±0.1
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Figure 3.1: Comparative evolution of the clustering strength b(z) with redshift
for point mass and non-point mass systems for different values of Ω0 and at
the present value of b = 0.85 and at ǫ = 0.10
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Figure 3.2: Comparative evolution of the clustering strength b(z) with redshift
for point mass and non-point mass systems for different values of Ω0 and at
the present value of b = 0.85 and at ǫ = 0.15
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Figure 3.3: Comparative evolution of the clustering strength b(z) with redshift
for point mass and non-point mass systems for different values of Ω0 and at
the present value of b = 0.75 and at ǫ = 0.10
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Figure 3.4: Comparative evolution of the clustering strength b(z) with redshift
for point mass and non-point mass systems for different values of Ω0 and at
the present value of b = 0.75 and at ǫ = 0.15
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Figure 3.5: Comparative evolution of the clustering strength b(z) with redshift
for point mass and non-point mass systems for different values of Ω0 and at
the present value of b = 0.65 and at ǫ = 0.10
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Figure 3.6: Comparative evolution of the clustering strength b(z) with redshift
for point mass and non-point mass systems for different values of Ω0 and at
the present value of b = 0.65 and at ǫ = 0.15
Chapter 4
Riemannian Geometric Approach to
Thermodynamic Fluctuation Theory
Introduction
Thermodynamic fluctuation theory though originated from statistical me-
chanics, may be put on a completely thermodynamic basis. This theory em-
phasizes mainly on the notions of covariance and consistency, which are ex-
pressed in the language of Riemannian geometry. This theory provides a qual-
itatively new tool for the study of fluctuation phenomena i.e. the Riemannian
thermodynamic curvature. The thermodynamic curvature gives, for any given
thermodynamic state, a lower bound for the length scale where the classi-
cal thermodynamic fluctuation theory based on a uniform environment could
conceivably hold. At critical point it has been revealed that curvature equals
correlation volume, which is undoubtedly a physically significant result. Pro-
portionality relation between curvature and free energy yields a purely ther-
63
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modynamic theory of the critical point (Ruppeiner 1995). Earlier the theory
has been developed by Ruppeiner (1996) where he started from the probability
theory and assumed two thermodynamic quantities temperature T and den-
sity ρ as independent variables and obtained a diagonal line element and gave
a general expression for curvature. Now in this chapter we have attempted
to develop the theory by taking pressure P and temperature T as independent
variables, which give rise to non-diagonal line element and corresponding Rie-
mannian geometry with non zero curvature for gravitating galaxies and zero
curvature for an ideal gas.
4.1 Functional form of clustering parameter
4.1.1 Functional dependence of b on pressure P and tempera-
ture T
In earlier chapter, we derived the functional form of b in terms of density ρ and
temperature T . However, some times it is very useful to have functional de-
pendence of b on pressure P and temperature T (Saslaw 1992; Yang et al 2010).
In order to derive functional form of b in terms of P and T we express internal
energy U , entropy S and volume V in terms of pressure and temperature as:
U = U(P, T ), S = S(P, T ) V = V (P, T ) (4.1)
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From equation (4.1), we have
dU =
∂U
∂P
)
T
dP +
∂U
∂T
)
P
dT (4.2)
dS =
∂S
∂P
)
T
dP +
∂S
∂T
)
P
dT (4.3)
and
dV =
∂V
∂P
)
T
dP +
∂V
∂T
)
P
dT (4.4)
A well known result from first and second laws of thermodynamics is given
by
dU = TdS − PdV (4.5)
Substituting dS and dV from equations (4.3) and (4.4) in (4.5), we obtain
dU =
[
T
(
∂S
∂P
)
T
− P
(
∂V
∂P
)
T
]
dP +
[
T
(
∂S
∂T
)
P
− P
(
∂V
∂T
)
P
]
dT (4.6)
Now comparing equations (4.2) and (4.6) we obtain
(
∂U
∂P
)
T
= T
(
∂S
∂P
)
T
− P
(
∂V
∂P
)
T
(4.7)
Also the Maxwells relation is:
(
∂S
∂P
)
T
= −
(
∂V
∂T
)
P
(4.8)
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Use of equation (4.8) in (4.7) gives
(
∂U
∂P
)
T
= −T
(
∂V
∂T
)
P
− P
(
∂V
∂P
)
T
(4.9)
Now assume clustering parameter b as a function of P and T such that equa-
tion (2.3) and (2.4) becomes
U =
3
2
NT [1− 2b(P, T )] (4.10)
P =
NT
V
[1− b(P, T )] (4.11)
Using equation (4.10) and (4.11) in equation (4.9) leads to
4P
∂b
∂P
+ T
∂b
∂T
= 0 (4.12)
This delightfully simple linear differential equation has the general solution as
b = b(PT−4) (4.13)
for any functional form of b. Therefore the dependence of b on P and T only
occurs in the particular combination of PT−4.
4.1.2 Exact form of b in terms of pressure and temperature
The expression for Riemannian curvature at critical point is discussed in chap-
ter 2 and is given by equation (2.19). Here we consider the same relation of
thermodynamic curvature at critical point with the difference that now we as-
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sume b as a function of a particular combination of pressure P and temperature
T i.e PT−4. Here our emphasis would be to determine the exact expression of b
in terms of pressure and temperature by optimization of curvature R at critical
point. Let us begin with the relation of R as:
R = −k V b
N(1− b) (4.14)
In terms of pressure equation (4.14) can be expressed as:
R = −kTb
P
(4.15)
Put y = PT−4, which implies that
∂y
∂P
=
y
P
,
∂y
∂T
= −4y
T
(4.16)
Now differentiate equation (4.15) with respect y and we obtain
dR
dy
= −k
[
T
P
db
dy
+
b
P
∂T
∂y
− Tb
P 2
∂P
∂y
]
(4.17)
Optimizing R implies
dR
dy
= 0 (4.18)
This further implies that
[
T
P
db
dy
+
b
P
∂T
∂y
− Tb
P 2
∂P
∂y
]
= 0 (4.19)
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Using equation (4.16) in (4.19), we get
T
P
db
dy
− 5Tb
4Py
= 0 (4.20)
After simplifying equation (4.20), we have
db
b
=
5
4
dy
y
(4.21)
On integration, it gives
b = b0(y)
5
4 = b0(PT
−4)
5
4 (4.22)
where b0 is a constant of integration. Thus equation (4.22) gives the exact func-
tional form of b. Thus at critical point b is directly proportional to P 5/4T−1.
4.2 Thermodynamic Riemannian curvature
4.2.1 General expression
An early attempt to study the gravitational clustering of galaxies on the basis of
Riemannian geometric approach to thermodynamics was made by Ruppeiner
(1996). He considered T and ρ as independent variables so that diagonal el-
ements are zero and found Gaussian approximation for their fluctuations. In
present investigation we assume T and P as independent variables and gen-
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eral expression for probability w is given by (Landau & Lifshitz 1982)
w = Cexp
(
∆P∆V −∆T∆S
2T
)
(4.23)
where C is constant and is determined from the normalisation condition. Here
∆P , ∆V , ∆T and ∆S are changes in pressure, volume, temperature and en-
tropy of the small part of the body in the fluctuation which is in equilibrium
with infinite system. We eliminate ∆V and ∆S by considering them as func-
tions of P and T , thus we have
∆V =
∂V
∂T
)
P
∆T +
∂V
∂P
)
T
∆P (4.24)
∆S =
∂S
∂T
)
P
∆T +
∂S
∂P
)
T
∆P (4.25)
Substitute equation (4.24) and (4.25) in equation (4.23) after using Maxwell’s
equation ∂S
∂P
)
T
= −∂V
∂T
)
P
, we have
w = Cexp
[
− 1
2T
((
∂S
∂T
)
P
(∆T )2−2
(
∂V
∂T
)
P
∆T∆P −
(
∂V
∂P
)
T
(∆P )2
)]
(4.26)
Or
w = Cexp
[
− V
2T
(
gTT (∆T )
2 + gTP∆T∆P + gPP (∆P )
2
)]
(4.27)
where gPP , gTP and gTT are themetric elements in T , P space and are expressed
as:
gTT =
1
T 2V
(
∂U
∂T
)
N,V
− 1
V T
(
∂V
∂T
)2
P(
∂V
∂P
)
T
(4.28)
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gPP = − 1
TV
(
∂V
∂P
)
T
(4.29)
gTP = − 1
TV
(
∂V
∂T
)
P
(4.30)
and metric g is expressed as
g = gTTgPP − g2TP (4.31)
The metric elements gTT , gPP and gTP are related to Riemannian line element
∆l by
(∆l)2 = gTT (∆T )
2 + 2gTP (∆T )(∆P ) + gPP (∆P )
2 (4.32)
The Riemannian curvature scalar for such non-diagonal line element is given
by
R =
1
g2
∣∣∣∣∣
λ11 λ12 λ13
λ21 λ22 λ23
λ31 λ32 λ33
∣∣∣∣∣− 1g2
∣∣∣∣∣
µ11 µ12 µ13
µ21 µ22 µ23
µ31 µ32 µ33
∣∣∣∣∣ (4.33)
where λ′s and µ′s are given by
λ11 = −1
2
∂2gTT
∂P 2
+
∂2gTP
∂T∂P
− 1
2
∂2gPP
∂T 2
, λ12 =
1
2
∂gTT
∂T
,
λ13 =
∂gTP
∂T
− 1
2
∂gTT
∂P
(4.34)
λ21 =
∂gTP
∂P
− 1
2
∂gPP
∂T
, λ22 = gTT , λ23 = gTP (4.35)
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λ31 =
1
2
∂gPP
∂P
, λ32 = gTP , λ33 = gPP (4.36)
and
µ11 = 0, µ12 =
1
2
∂gTT
∂P
, µ13 =
1
2
∂gPP
∂T
(4.37)
µ21 =
1
2
∂gTT
∂P
, µ22 = gTT , µ23 = gTP (4.38)
µ31 =
1
2
∂gPP
∂T
, µ32 = gTP , µ33 = gPP (4.39)
Now calculate different derivatives of metric elements which are used for eval-
uating λ′s and µ′s and finally will be used in equation (4.33) to evaluate Gaus-
sian curvature. As a rule for Riemannian geometry, the value of thermody-
namic curvature is independent of the coordinate system used. Thus we have
from equations (4.28) to (4.30)
(
∂gPP
∂P
)
T
=
1
TV 2
(
∂V
∂P
)2
T
− 1
TV
(
∂2V
∂P 2
)
T
(4.40)
(
∂gPP
∂T
)
P
=
1
T 2V
(
∂V
∂P
)
T
+
1
TV 2
(
∂V
∂T
)
P
(
∂V
∂P
)
T
− 1
TV
(
∂2V
∂T∂P
)
(4.41)
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(
∂2gPP
∂T 2
)
P
= − 2
T 3V
(
∂V
∂P
)
T
− 2
T 2V 2
(
∂V
∂P
)
T
(
∂V
∂T
)
P
+
2
T 2V
(
∂2V
∂P∂T
)
− 2
TV 3
(
∂V
∂P
)
T
(
∂V
∂T
)2
P
+
1
TV 2
(
∂2V
∂T 2
)
P
(
∂V
∂P
)
T
+
2
TV 2
(
∂V
∂T
)
P
(
∂2V
∂P∂T
)
− 1
TV
(
∂
∂P
(
∂2V
∂T 2
))
P
(4.42)
(
∂gTP
∂T
)
P
=
1
T 2V
(
∂V
∂T
)
P
+
1
TV 2
(
∂V
∂T
)2
P
− 1
TV
(
∂2V
∂T 2
)
P
(4.43)
(
∂gTP
∂P
)
T
=
1
TV 2
(
∂V
∂P
)
T
(
∂V
∂T
)
P
− 1
TV
(
∂2V
∂P∂T
)
(4.44)
(
∂2gTP
∂T∂P
)
= − 1
T 2V 2
(
∂V
∂P
)
T
(
∂V
∂T
)
P
− 2
TV 3
(
∂V
∂P
)
T
(
∂V
∂T
)2
P
+
2
TV 2
(
∂V
∂T
)
P
(
∂2V
∂T∂P
)
+
1
TV 2
(
∂V
∂P
)
T
(
∂2V
∂T 2
)
P
+
1
T 2V
(
∂2V
∂P∂T
)
− 1
TV
(
∂
∂P
(
∂2V
∂T 2
))
T
(4.45)
(
∂gTT
∂P
)
T
=
∂
∂P
[
1
T 2V
(
∂U
∂T
)
N,V
]
+
1
V 2T
(
∂V
∂T
)2
− 2
V T
(
∂V
∂T
)
P(
∂V
∂P
)
T
(
∂2V
∂P∂T
)
+
1
V T
(
∂V
∂T
)2
P(
∂V
∂P
)2
T
(
∂2V
∂P 2
)
(4.46)
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(
∂2gTT
∂P 2
)
T
=
∂2
∂P 2
[
1
T 2V
(
∂U
∂T
)
N,V
]
− 2
TV 3
(
∂V
∂P
)
T
(
∂V
∂T
)2
P
+
4
V 2T
(
∂V
∂T
)(
∂2V
∂P∂T
)
− 2
V T
(
∂2V
∂P∂T
)2(
∂P
∂V
)
− 1
V 2T
(
∂V
∂T
)2
(
∂P
∂V
)(
∂2V
∂P 2
)
+
4
V T
(
∂V
∂T
)(
∂P
∂V
)2(
∂2V
∂P 2
)(
∂2V
∂P∂T
)
+
1
V T
(
∂V
∂T
)2(
∂P
∂V
)2(
∂3V
∂P 3
)
− 2
V T
(
∂V
∂T
)2(
∂P
∂V
)3(
∂2V
∂P 2
)2
−
2
V T
(
∂V
∂T
)(
∂P
∂V
)
∂
∂P
(
∂2V
∂T∂P
)
(4.47)
(
∂gTT
∂T
)
P
=
∂
∂T
[
1
T 2V
(
∂U
∂T
)
N,V
]
+
1
V 2T
(
∂V
∂T
)3(
∂P
∂V
)
+
1
V T 2
(
∂V
∂T
)2(
∂P
∂V
)
− 2
V T
(
∂V
∂T
)(
∂P
∂V
)(
∂2V
∂T 2
)
+
1
V T
(
∂V
∂T
)2(
∂P
∂V
)2(
∂2V
∂P∂T
)
(4.48)
All above expression can be used to determine curvature for different physical
problems under study.
4.3 Metric elements and their derivatives using free
energy φ
Sometimes it is very useful to use free energy for the study of gravitational
clustering e.g study of phase transition in cosmological N-body system (Saslaw
& Ahmad 2010). We will explore the possibility how φ can be used for evalu-
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ating thermodynamic curvature. The Gibbs free energy φ is defined as
φ = U − TS + PV (4.49)
We evaluate various metric elements and their derivatives in terms of free en-
ergy and are given by
gTT = − 1
TV
(
∂2φ
∂T 2
)
P
(4.50)
gPP = − 1
TV
(
∂V
∂P
)
T
gPP = − 1
TV
(
∂2φ
∂P 2
)
T
(4.51)
gTP = − 1
TV
(
∂V
∂T
)
P
= − 1
TV
∂
∂P
(
∂φ
∂T
)
P
(4.52)
gTTgPP =
1
T 2V 2
(
∂2φ
∂T 2
)
P
(
∂2φ
∂P 2
)
T
(4.53)
g2TP =
1
T 2V 2
[
∂
∂P
(
∂φ
∂T
)
P
]2
(4.54)
g = gTTgPP − g2TP (4.55)
or
g =
1
T 2V 2
[(
∂2φ
∂T 2
)
P
(
∂2φ
∂P 2
)
T
−
(
∂
∂P
(
∂φ
∂T
)
P
)2]
(4.56)
The first derivatives of above metric elements are determined as:
(
∂gTT
∂P
)
T
=
[
1
TV 2
(
∂2φ
∂P 2
)
T
(
∂2φ
∂T 2
)
P
− 1
TV
(
∂
∂P
(
∂2φ
∂T 2
)
P
)]
(4.57)
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(
∂gTT
∂T
)
P
=
1
T 2V
(
∂2φ
∂T 2
)
P
+
1
TV 2
∂
∂p
(
∂2φ
∂T 2
)
P
(
∂2φ
∂T 2
)
P
− 1
TV
(
∂3φ
∂T 3
)
P
(4.58)
(
∂gPP
∂T
)
P
=
1
T 2V
(
∂2φ
∂P 2
)
T
+
1
TV 2
∂
∂P
(
∂φ
∂T
)
P
(
∂2φ
∂P 2
)
T
− 1
TV
∂
∂T
(
∂2φ
∂P 2
)
T
(4.59)
(
∂gPP
∂P
)
T
=
1
TV 2
(
∂2φ
∂P 2
)2
T
− 1
TV
(
∂3φ
∂P 3
)
T
(4.60)
(
∂gTP
∂P
)
T
=
1
TV 2
(
∂2φ
∂P 2
)
T
∂
∂P
(
∂φ
∂T
)
P
− 1
TV
∂
∂T
(
∂2φ
∂P 2
)
T
(4.61)
(
∂gTP
∂T
)
P
=
1
T 2V
∂
∂P
(
∂φ
∂T
)
P
+
1
TV 2
[
∂
∂P
(
∂φ
∂T
)
P
]2
− 1
TV
∂
∂P
(
∂2φ
∂T 2
)
P
(4.62)
Similarly the corresponding second derivatives of these metric elements are
evaluated as:
(
∂2gTT
∂P 2
)
T
= − 2
TV 3
(
∂2φ
∂P 2
)2
T
(
∂2φ
∂T 2
)
P
+
1
TV 2
(
∂3φ
∂P 3
)
T
(
∂2φ
∂T 2
)
P
+
2
TV 2
(
∂2φ
∂P 2
)
T
∂
∂P
(
∂2φ
∂T 2
)
P
− 1
TV
∂2
∂P 2
(
∂2φ
∂T 2
)
P
(4.63)
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(
∂2gPP
∂T 2
)
p
= − 2
T 3V
(
∂2φ
∂P 2
)
T
− 2
T 2V 2
∂
∂P
(
∂φ
∂T
)
P
(
∂2φ
∂P 2
)
T
+
2
T 2V
∂
∂T
(
∂2φ
∂P 2
)
T
+
1
TV 2
∂
∂P
(
∂2φ
∂T 2
)
P
(
∂2φ
∂P 2
)
T
− 2
TV 3
[
∂
∂P
(
∂φ
∂T
)
P
]2
(
∂2φ
∂P 2
)
T
+
2
TV 2
∂
∂P
(
∂φ
∂T
)
P
∂
∂T
(
∂2φ
∂P 2
)
T
− 1
TV
∂2
∂T 2
(
∂2φ
∂P 2
)
T
(4.64)
∂2gTP
∂T∂P
= − 1
T 2V 2
(
∂2φ
∂P 2
)
T
∂
∂P
(
∂φ
∂T
)
P
− 2
TV 3
(
∂2φ
∂P 2
)
T
[
∂
∂P
(
∂φ
∂T
)
P
]2
+
1
TV 2
(
∂2φ
∂P 2
)
T
∂
∂P
(
∂2φ
∂T 2
)
P
+
2
TV 2
∂
∂T
(
∂2φ
∂P 2
)
T
∂
∂P
(
∂φ
∂T
)
P
+
1
T 2V
∂
∂T
(
∂2φ
∂P 2
)
T
− 1
TV
∂2
∂T 2
(
∂2φ
∂P 2
)
T
(4.65)
These are fundamental quantities which can be used to find the curvature from
the expression given by equation (4.33). We will apply these results to some
physical problems in the next section.
4.4 Application to physical problems
4.4.1 Curvature of ideal gas
To test the validity of above expressions, we consider system consisting of ideal
gas and the free energy of ideal gas is given by:
φ =
5
2
NT − 5
2
NTlnT +NTlnP −NTS0 (4.66)
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The corresponding elements of determinant given by equation (4.33) and are
determined by using equations (4.34) to (4.39)
λ11 = − V
NT 4
, λ12 = − 15N4V T 3 , λ13 =
3
4T 3
(4.67)
λ21 =
V
2NT 3
, λ22 =
5N
2V T 2
, λ23 = − 1
T 2
(4.68)
λ31 = − V
2
2N2T 3
, λ32 = − 1T 2 , λ33 =
V
NT 2
(4.69)
µ11 = 0, µ12 =
5
4T 3
, µ13 = − V
2NT 3
(4.70)
µ21 =
5
4T 3
, µ22 =
5N
2V T 2
, µ23 = − 1
T 2
(4.71)
µ31 = − V
2NT 3
, µ32 = − 1T 2 , µ33 =
V
NT 2
(4.72)
g =
3
2T 4
(4.73)
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Thus curvature R of an ideal gas is given by:
R =
(
3
2T 4
)2∣∣∣∣∣
− V
NT 4
− 15N
4V T 3
3
4T 3
V
2NT 3
5N
2V T 2
− 1
T 2
− V 2
2N2T 3
− 1
T 2
V
NT 2
∣∣∣∣∣−
(
3
2T 4
)2∣∣∣∣∣
0 5
4T 3
− V
2NT 3
5
4T 3
5N
2V T 2
− 1
T 2
− V
2NT 3
− 1
T 2
V
NT 2
∣∣∣∣∣
(4.74)
After evaluating above determinants, we find that the curvature for ideal gas
is zero , thus zero curvature corresponds to no interactions among the parti-
cles, which verifies our results correctly. In other words, it means that zero
curvature have no interaction, while as interaction causes curvature.
4.4.2 Curvature of gravitationally interacting galaxies
Consider a system ofN galaxies each of massm in a volume V having pressure
P and temperature T . The free energy for a gravitating system is given as
(Ahmad 2002).
φ = NT
[5
2
− b− 5
2
lnT + lnP − S0
]
(4.75)
The corresponding elements of determinant given by equation (4.33) are cal-
culated using equations from (4.34) to (4.39) and are given as:
λ11 = −V (2 + 5b− 10b
2)
2NT 4(1− b)4 , λ12 = −
N(15+173b−72b2)
4V T 3(1−b)
,
λ13 =
(3 + 32b)
4T 3(1− b)2 (4.76)
λ21 =
V (1− 5b)
2NT 3(1− b)3 , λ22 =
N(5+24b)
2V T 2
, λ23 = − (1 + 3b)
T 2(1− b) (4.77)
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λ31 = − V
2(1− 2b)
2N2T 3(1− b)4 , λ32 = −
(1+3b)
T 2(1−b)
, λ33 =
V
NT 2(1− b)2 (4.78)
µ11 = 0, µ12 =
(5+48b−24b2)
4T 3(1−b)2
, µ13 = − V (1 + 3b)
2NT 3(1− b)3 (4.79)
µ21 =
5 + 48b− 24b2
4T 3(1− b)2 , µ22 =
N(5+24b)
2V T 2
, µ23 = − (1 + 3b)
T 2(1− b) (4.80)
µ31 = − V (1 + 3b)
2NT 3(1− b)3 , µ32 = −
(1+3b)
T 2(1−b)
, µ33 =
V
NT 2(1− b)2 (4.81)
g =
3
2T 4
(1 + 4b− 6b2)
(1− b)2 (4.82)
Substituting in equation (4.33) we get
R =
V
2N
(5b− 8b2 + 10b3 − 8b4)
(1− b)2(1 + 4b− 6b2)2 (4.83)
In the above expression, curvature R equals zero when b = 0 and R→∞
at b = 1 and at 1 + 4b − 6b2 = 0. Initially when b = 0 the specific heat is 3/2
as in a mono-atomic gas since particles are not clustered. When b = 1, specific
heat is −3/2 as in a completely virialized system. In between there is a critical
temperature at which CV = 5/2 and is the maximum value. This value of
specific heat is characteristic of a diatomic gas. This is the point where basic
homogeneity of the system is broken on the average inter particle scale by the
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formation of binary systems which are mostly bound gravitationally (Saslaw
& Ahmad 2010). This is where the phase transition is initiated for both point
and non-point mass systems. The case b = 1 also implies that gravitational
correlation energy completely dominates the total energy.
4.5 Free energy at critical point
It has been found by Ruppeiner (1996) that most significant thermodynamic
curvature results have been found near the critical point. At critical point ther-
modynamic curvature is infinite which implies that the metric element g van-
ishes in equation (4.33). Thus
g = gTTgPP − g2TP = 0 (4.84)
this further implies that
[(
∂2φ
∂T 2
)
P
(
∂2φ
∂P 2
)
T
−
(
∂
∂P
(
∂φ
∂T
)
P
)2]
= 0 (4.85)
which is famous Monge-Ampere equation (Polyanin & Zaitsev 2004; Goursat
1933). The exact analytical solution of above equation is difficult to evaluate.
However general solution in parametric form:
φ = tT + ψ(t)P + ϕ(t), T + ψ′(t) + ϕ′(t) = 0, (4.86)
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where t is the parameter, and ψ(t) and ϕ(t) are arbitrary functions. Solutions
involving one arbitrary function:
φ(T, P ) = ψ(C1T + C2P ) + C3T + C4P + C5, (4.87)
φ(T, P ) = (C1T + C2P )ψ(
P
T
) + C3T + C4P + C5 (4.88)
and
φ(T, P ) = (C1T + C2P + C3)ψ
(
C4T + C5P + C6
C1T + C2P + C3
)
+ C7T + C8P + C9 (4.89)
where C1, C2, . . . , C9 are arbitrary constants. We will try to find the solution of
above equation in different system at critical point.
Chapter 5
Gravitational Clustering of Strongly
Degenerate System of Galaxies
Introduction
Earlier, the equations of state for the cosmological many body problem
were obtained and discussed for point mass galaxies. These equations were
derived using thermodynamics (Saslaw & Hamilton 1984) and statistical me-
chanical approach to galaxy clustering (Ahmad et al. 2002). These deriva-
tions were based on fundamental thermodynamic principles (Saslaw&Hamil-
ton 1984; Saslaw & Fang 1996; Saslaw 2000). Analytical expression for the
grand canonical partition functions of point masses were derived (Ahmad et
al. 2002). Subsequently, these were generalized to extended masses i.e. galax-
ies with haloes, which cluster gravitationally in an expanding universe (Ah-
mad et al. 2002). From the partition functions, the thermodynamic proper-
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ties, distribution functions, void distribution functions and moments of distri-
butions have been obtained more rigorously from statistical mechanical basis
(Ahmad et al. 2002). The results agreed well with the thermodynamic results
as well as with observations. Ahmad et al. (2006) calculated the second set
of terms analytically and found that these terms were negligibly small when
number of galaxies N becomes very large. To examine the nature of phase
transitions, it was necessary to calculate the exact equations of state. The sec-
ond set of terms which were neglected earlier in the partition function were
calculated recently (Saslaw & Ahmad 2010). Some of the consequences of sec-
ond set of terms in the partition function were closely examined. The theory
work well over the entire range of b, including its observed value about 0.85
(Sivakoff & Saslaw 2005).
Ahmad et al (2002, 2006) included only first term in the expansion of two
particle function, which could explain the undervirialized systems in which
clustering was not complete on all scales. Recently second term was included
(Saslaw & Ahmad 2010) and examined to see its importance near phase tran-
sitions. In this chapter we examine the system by including more terms in the
expansion which may be the case of strongly degenerated gravitating system
for virialized system.
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5.1 Gravitational partition function for strongly in-
teracting system
The cosmological many body partition function has been obtained by using
the formalism of classical statistical mechanics for an ensemble of comoving
cells containing gravitating galaxies in an expanding universe (Ahmad et al
2002). It was found that if the size of the cells is smaller than the particle corre-
lation length, then each member of this ensemble is correlated gravitationally
with other cells, and the correlations within a cell are greater than correlations
among cells, so that extensivity is a good approximation (Saslaw 2000; Sheth
& Saslaw 2000; Ahmad et al 2002). We consider a large system , which consists
of an ensemble of cells, all of the same volume V , or radius R1 and average
density ρ¯. Both the number of galaxies and their total energy will vary among
these cells, thus these are represented by a grand canonical ensemble. The
galaxies within the system have gravitational pairwise interaction. It has been
further assumed that the distribution is statistically homogeneous over large
regions.
The general partition function of a system of N particles of mass m interact-
ing gravitationally with a potential energy Φ, having momenta pi and average
temperature T (Ahmad 2002):
Z(T, V ) =
1
Λ3NN !
∫
exp
(
−
[ N∑
i=1
p2i
2m
+ Φ(r1, r2, r3, . . . , rN)
]
T−1
)
d3Npd3Nr
(5.1)
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Here N ! takes the distinguish-ability of classical particles into account, and
Λ is the normalization factor which results from integration over momentum
space.
Integration over momentum space yields
ZN(T, V ) =
1
N !
(2πmT
Λ2
)3N/2
QN(T, V ) (5.2)
where QN(T, V ) is the configurational integral and is given as:
QN(T, V ) =
∫
....
∫ ∏
1≤i<j≤N
exp[−φij(r1, r2, . . . , rN)T−1]d3Nr (5.3)
Generally the gravitational potential energyΦ(r1, r2, . . . , rN) is a function of the
relative position vector rij = |ri− rj | and is the sum of the potential energies of
all pairs. In a gravitational system the potential energy Φ(r1, r2, . . . , rN) is due
to all pairs of particles composing the system, thus
Φ(r1, r2, . . . , rN) =
∑
1≤i<j≤N
Φ(rij) =
∑
1≤i<j≤N
Φ(r) (5.4)
Thus the configurational integral is written as
QN(T, V ) =
∫
....
∫ ∏
1≤i<j≤N
exp[−φij(r)T−1]d3Nr (5.5)
The two particle function introduced here is
fij = e
−Φij/T − 1 (5.6)
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For an ideal gas the function fij is zero because of the absence of interactions
and for the interacting system it is non-zero.
Substituting equation (5.6) in (5.5), we have
QN(T, V ) =
∫
....
∫ ∏
1≤i<j≤N
(1 + fij)d
3r1d
3r2 . . . d
3rN (5.7)
It has been shown (Ahmad et al 2002) that the configurational integral can be
expressed as
QN(T, V ) =
∫
....
∫ [
(1+f12)(1+f13)(1+f23)(1+f14) . . . (1+fN−1,N)
]
d3r1d
3r2 . . . d
3rN
(5.8)
For point masses the Hamiltonian and hence the partition function di-
verges at rij = 0 . This divergence has been removed by taking the extended
nature of galaxies into account by introducing a softening parameter which
takes care of the finite size of each galaxy. Thus by incorporating the softening
parameter the interaction potential energy between galaxies is represented by
φi,j = − Gm
2
(r2ij + ǫ
2)1/2
(5.9)
Substituting equation (5.9) in (5.6) we get
fij = exp
[
Gm2
(r2ij + ǫ
2)1/2T
]
− 1 (5.10)
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On expansion the two particle function fij gives
fij =
[
Gm2
(r2ij + ǫ
2)1/2T
]
+
1
2!
[
Gm2
(r2ij + ǫ
2)1/2T
]2
+
1
3!
[
Gm2
(r2ij + ǫ
2)1/2T
]3
+
1
4!
[
Gm2
(r2ij + ǫ
2)1/2T
]4
+ . . . (5.11)
Using equation (5.11) in equation (5.8) and evaluating the configuration inte-
grals over a spherical volume of radius R1, gives
Q1(T, V ) == V (5.12)
Configurational integral Q2(T, V ) can be evaluated as
Q2(T, V ) = 4πV
∫ R1
0
r212exp
[
Gm2
(r212 + ǫ
2)1/2T
]
dr12 (5.13)
This can also be expressed as
Q2(T, V ) = 4πV
∫ R1
0
r2
∞∑
i=0
1
i!
(Gm2
T
)i 1
(r2 + ǫ2)i/2
dr (5.14)
This can further be simplified and written as
Q2(T, V ) = 4πV
∞∑
i=0
1
i!
(Gm2
T
)i ∫ R1
0
r2
(r2 + ǫ2)i/2
dr (5.15)
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or
Q2(T, V ) = 4πV
[(Gm2
T
)0 ∫ R1
0
r2dr +
1
1!
(Gm2
T
)1 ∫ R1
0
r2
(r2 + ǫ2)1/2
+
1
2!
(Gm2
T
)2 ∫ R1
0
r2
(r2 + ǫ2)
dr +
1
3!
(Gm2
T
)3 ∫ R1
0
r2
(r2 + ǫ2)3/2
dr +
1
4!
(Gm2
T
)4 ∫ R1
0
r2
(r2 + ǫ2)2
dr +
1
5!
(Gm2
T
)5 ∫ R1
0
r2
(r2 + ǫ2)5/2
dr
+
1
6!
(Gm2
T
)6 ∫ R1
0
r2
(r2 + ǫ2)3
dr +
1
7!
(Gm2
T
)7 ∫ R1
0
r2
(r2 + ǫ2)7/2
dr
+
1
8!
(Gm2
T
)8 ∫ R1
0
r2
(r2 + ǫ2)4
dr
+ . . .
]
(5.16)
This is expressed as
Q2(T, V ) = 4πV
[
R31
3
+
(
Gm2
T
)(
R21
2
√
1 +
ǫ2
R21
+ ǫ2ln
ǫ
R1
1 +
√
1 + ǫ
2
R21
)
+
1
2!
(
Gm2
T
)2(
R1 − ǫtan−1( 1
ǫ/R1
)
)
+
1
3!
(
Gm2
T
)3
(
− 1√
1 + ǫ
2
R21
− ln
ǫ
R1
1 +
√
1 + ǫ
2
R21
)
+
1
4!
(
Gm2
T
)4
(
− 1
2R1(1 +
ǫ2
R21
)
+
1
2ǫ
tan−1
1
ǫ/R1
)
+
1
5!
(
Gm2
T
)5
(
1
3R31(1 +
ǫ2
R21
)3
)
+
1
6!
(
Gm2
T
)6(
− 1
4R31(1 +
ǫ2
R21
)2
+
1
ǫ2R1(1 +
ǫ2
R21
)
+
1
8ǫ3
tan−1(
1
ǫ/R1
)
)
+
1
7!
(
Gm2
T
)7(
1
3ǫ4(1 + ǫ
2
R21
)3/2
− 1
5ǫ4(1 + ǫ
2
R21
)5/2
)
+ . . .
]
(5.17)
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Or
Q2(T, V ) = V
2
[
1 +
3
R31
(
Gm2
T
)(
R21
2
√
1 +
ǫ2
R21
+ ǫ2ln
ǫ
R1
1 +
√
1 + ǫ
2
R21
)
+
1
2!
3
R31
(
Gm2
T
)2(
R1 − ǫtan−1( 1
ǫ/R1
)
)
+
1
3!
3
R31
(
Gm2
T
)3(
− 1√
1 + ǫ
2
R21
−ln
ǫ
R1
1 +
√
1 + ǫ
2
R21
)
+
1
4!
3
R31
(
Gm2
T
)4(
− 1
2R1(1 +
ǫ2
R21
)
+
1
2ǫ
tan−1
1
ǫ/R1
)
+
1
5!
3
R31
(
Gm2
T
)5(
1
3ǫ2(1 + ǫ
2
R21
)3/2
)
+
1
6!
3
R31
(
Gm2
T
)6
(
− 1
4R31(1 +
ǫ2
R21
)2
+
1
ǫ2R1(1 +
ǫ2
R21
)
+
1
8ǫ3
tan−1(
1
ǫ/R1
)
)
+
1
7!
3
R31
(
Gm2
T
)7(
1
3ǫ4(1 + ǫ
2
R21
)3/2
− 1
5ǫ4(1 + ǫ
2
R21
)5/2
)
+ . . .
]
(5.18)
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Q2(T, V ) = V
2
[
1 +
(
3Gm2
2R1T
)(√
1 +
ǫ2
R21
+
ǫ2
R21
ln
ǫ
R1
1 +
√
1 + ǫ
2
R21
)
+
2
3
(
3Gm2
2R1T
)2(
1− ǫ
R1
tan−1(
1
ǫ/R1
)
)
+
4
27
(
3Gm2
2R1T
)3
(
− 1√
1 + ǫ
2
R21
− ln
ǫ
R1
1 +
√
1 + ǫ
2
R21
)
+
1
81
(
3Gm2
2R1T
)4
(
− 1
(1 + ǫ
2
R21
)
+
1
ǫ/R1
tan−1
1
ǫ/R1
)
+
4
3645(
3Gm2
2R1T
)5(
1
ǫ2
R21
(1 + ǫ
2
R21
)3/2
)
+
1
10935
(
3Gm2
2R1T
)6
(
− 1
4(1 + ǫ
2
R21
)2
+
1
ǫ2
R21
(1 + ǫ
2
R21
)
+
1
8 ǫ
3
R31
tan−1(
1
ǫ/R1
)
)
+
8
229635(
3Gm2
2R1T
)7(
1
3 ǫ
4
R41
(1 + ǫ
2
R21
)3/2
− 1
5 ǫ
4
R41
(1 + ǫ
2
R21
)5/2
)
+ . . .
]
(5.19)
Since R1 ∼ ρ−1/3, we can write
3Gm2
2R1T
=
3Gm2
2ρ−1/3T
=
3
2
Gm2ρ1/3T−1 (5.20)
Using scale invariance ρ→ λ−3ρ, T → λ−1T and r → λr one can express above
equation as
3
2
(Gm2)3ρT−3 = βρT−3 (5.21)
where
β =
3
2
(Gm2)3 (5.22)
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Thus we can write equation (5.19) as:
Q2(T, V ) = V
2
[
1 + α1(βρ¯T
−3) + α2(βρ¯T
−3)2 + α3(βρ¯T
−3)3 +
α4(βρ¯T
−3)4 + α5(βρ¯T
−3)5 + α6(βρ¯T
−3)6 + α7(βρ¯T
−3)7 + α8(βρ¯T
−3)8
+ . . .
]
(5.23)
where
α1 =
√
1 +
ǫ2
R21
+
( ǫ
R1
)2
ln
ǫ
R1
1 +
√
1 + ǫ
2
R21
(5.24)
α2 =
2
3
[
1− ( ǫ
R1
)
tan−1
1
ǫ/R1
]
(5.25)
α3 = − 4
27
[
1√
1 + ǫ
2
R21
+ ln
ǫ
R1
1 +
√
1 + ǫ
2
R21
]
(5.26)
α4 =
1
81
[
− 1
1 + ǫ
2
R21
+
1
ǫ/R1
tan−1
1
ǫ/R1
]
(5.27)
α5 =
4
3645
[
1
ǫ2
R21
(
1 + ǫ
2
R21
)3/2
]
(5.28)
α6 =
1
10935
[
− 1
4(1 + ǫ
2
R21
)
+
1
ǫ2
R21
(
1 + ǫ
2
R21
) + 1
8(ǫ/R1)3
tan−1
1
ǫ/R1
]
(5.29)
α7 =
8
229635
[
1
3
(
ǫ
R1
)4(
1 + ǫ
2
R21
)3/2 − 1
5
(
ǫ
R1
)4(
1 + ǫ
2
R21
)5/2
]
(5.30)
α8 =
1
69405
[
− 1
3
(
1 + ǫ
2
R21
)3 + 1
12 ǫ
2
R21
(
1 + ǫ
2
R21
)2 + 18 ǫ4
R41
(
1 + ǫ
2
R21
)
+
3
4 ǫ
5
R51
tan−1
1
ǫ/R1
]
(5.31)
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α9 =
4
55801305
[
1
3
(
ǫ
R1
)6(
1 + ǫ
2
R21
)3/2 − 2
5
(
ǫ
R1
)6(
1 + ǫ
2
R21
)5/2
+
1
7
(
ǫ
R1
)6(
1 + ǫ
2
R21
)7/2
]
(5.32)
Thus Q2(T, V ) can be expressed generally as:
Q2(T, V ) = V
2
[
1 + α1x
1 + α2x
2 + α3x
3 + α4x
4 + α5x
5 + α6x
6 + α7x
7
+α8x
8 + α9x
9 + . . .
]
(5.33)
where x = βρ¯T−3. or
Q2(T, V ) = V
2
(
1 +
∑
i
αix
i
)
(5.34)
By similar procedure, we obtain configurational integral for higher order as:
Q3(T, V ) = V
3
(
1 +
∑
i
αix
i
)2
(5.35)
Q4(T, V ) = V
4
(
1 +
∑
i
αix
i
)3
(5.36)
Or in general we have
QN (T, V ) = V
N
(
1 +
∑
i
αix
i
)N−1
(5.37)
Chapter: 5 93
Hence the gravitational partition function is obtained by substituting the equa-
tion (5.37) in (5.2) as
ZN(T, V ) =
1
N !
(2πmT
Λ2
)3N/2
V N
(
1 +
∑
i
αix
i
)N−1
(5.38)
For weakly interacting gravitating system i = 1 (Ahmad et al 2002). By taking
higher values of i we have the gravitational partition function for moderately
and strongly interacting systems. Further the effect of softening parameter on
higher order terms is shown in the table (5.1).
5.2 Exact equations of state
The thermodynamic quantities can now be easily calculated from the gravita-
tional partition function. Helmholtz free energy F is given by
F = −T lnZN (T, V ) (5.39)
F = −T ln
(
1
N !
(2πmT
Λ2
)3N/2
V N
(
1 +
∑
i
αix
i
)N−1)
(5.40)
or
F =
[
NTln(ρT−3/2)− (N −1)T ln(1+∑
i
αix
i
)−NT − 3
2
NTln
(2πm
Λ2
)]
(5.41)
The entropy S is determined using the relation
S = −
(
∂F
∂T
)
N,V
(5.42)
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S = Nln(ρ−1T 3/2)+(N−1)ln(1+∑
i
αix
i
)−3N ∑ iαixi
1 +
∑
αixi
+
5
2
N+
3
2
Nln
(2πm
Λ2
)
(5.43)
If we put
bi =
∑
iαix
i
1 +
∑
αixi
(5.44)
For large N , N − 1 ≈ N
S
N
= ln(ρ−1T 3/2) + ln
(
1 +
∑
i
αix
i
)− 3bi + S0
N
(5.45)
where S0 =
5
2
N + 3
2
Nln
(
2πm
Λ2
)
Entropy can also be expressed as
S
N
= ln(ρ−1T 3/2) + ln
(
1 +
∑
i=1
αi
αi1
bi
(1− b)i
)− 3bi + S0
N
(5.46)
The internal energy U of a system of particles is
U = F + TS (5.47)
U =
3
2
NT
(
1− 2bi
)
(5.48)
The pressure P is given by
P = −
(
∂F
∂V
)
N,T
(5.49)
After simplification we get
P =
NT
V
(
1− bi
)
(5.50)
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The chemical potential µ is calculated from
µ =
(
∂F
∂N
)
V,T
(5.51)
simplyfying equation (5.51), we get
µ
T
= ln(ρT−3/2)− ln(1 +∑
i
αix
i
)− 3
2
ln
(2πm
Λ2
)− bi (5.52)
Or
µ
T
= ln(ρT−3/2)− ln(1 +∑
i=1
αi
αi1
bi
(1− b)i
)− 3
2
ln
(2πm
Λ2
)− bi (5.53)
Where
bi =
α1x+ 2α2x
2 + 3α3x
3 + · · ·+ kαkxk + . . .
1 + α1x+ α2x2 + α3x3 + · · ·+ αkxk + . . . (5.54)
For i = 1
b1 = b =
α1x
1 + α1x
(5.55)
For i = 2
b2 =
α1x+ 2α2x
2
1 + α1x+ α2x2
(5.56)
For i = 3
b3 =
α1x+ 2α2x
2 + 3α3x
3
1 + α1x+ α2x2 + α3x3
(5.57)
The general expression is written as:
bi =
∑
iαix
i
1 +
∑
αixi
(5.58)
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We can express b2, b3, b4, . . . bi in terms of b by using the expression for x in the
general expression represented by equation (5.58) for various values of i.
Since
α1x =
b
1− b (5.59)
Substitute equation (5.59) in (5.58) we get
b2 =
α21b(1− b) + 2α2b2
α21(1− b)2 + α21b(1− b) + α2b2
(5.60)
b3 =
α31b(1− b)2 + 2α2α1b2(1− b) + 3α3b3
α31(1− b)3 + α31b(1− b)2 + α1α2b2(1− b) + α3b3
(5.61)
b4 =
α41b(1− b)3 + 2α2α21b2(1− b)2 + 3α3α1b3(1− b) + 4α4b4
α41(1− b)4 + α41b(1− b)3 + α2α21b2(1− b)2 + α1α3b3(1− b) + α4b4
(5.62)
b5 =
α51b(1− b)4 + 2α2α31b2(1− b)3 + 3α3α21b3(1− b)2 + 4α4α1b4(1− b) + 5α5b5
α51(1− b)5 + α51b(1− b)4 + α2α31b2(1− b)3 + α3α21b3(1− b)2 + α4α1b4(1− b) + α5b5
(5.63)
In general we can write
bi =
∑i
l=1 lαlα
i−l
1 b
l(1− b)i−l
αi1(1− b)i +
∑i
l=1 αlα
i−l
1 b
l(1− b)i−l (5.64)
b2, b3, b4 and b5 have been compared with b for different values of ǫ as shown in
tables (5.2), (5.3) and (5.4) below. The effect of different higher order terms are
also evident from the graphs plotted for distribution function in the proceed-
ing section.
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5.3 Distribution function
The probability of finding N-particles in grand canonical ensemble is derived
by using
F (N) =
∑
i e
Nµ
T e
−Ui
T
ZG(T, V, z)
=
e
Nµ
T ZN(V, T )
ZG(T, V, z)
(5.65)
where ZG is the grand partition function defined by Haung (1987) as:
ZG(T, V, z) =
∞∑
N=0
zNZN(V, T ) (5.66)
and z is the activity.
From equation (5.53), we have
e
Nµ
T =
(
N¯
V
T−3/2
)N(
1 +
∑
i=1
αi
αi1
bi
(1− b)i
)−N
e−Nbi
(
2πm
Λ2
)−3N/2
(5.67)
The grand partition function is given by
lnZG =
PV
T
= N¯(1− b) (5.68)
substituting equations (5.38), (5.67) and (5.68) in (5.65) to get the distribution
function
F (N) =
N¯N
N !
(
1 +
∑
i=1
N iαi
N¯ iαi1
bi
(1− b)i
)N−1(
1 +
∑
i=1
αi
αi1
bi
(1− b)i
)−N
[
e[−Nbi−N¯(1−bi)]
]
(5.69)
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This is the general distribution function for any order of terms.
For i = 1, we get
F (N) =
N¯N
N !
(
1 +
N
N¯
b
(1− b)
)N−1(
1 +
b
(1− b)
)−N[
e[−Nb−N¯(1−b)]
]
(5.70)
This is the same distribution function as derived earlier (Saslaw & Hamilton
1984; Ahmad et al 2002).
For i = 2, we obtain
F (N) =
N¯N
N !
[
1 +
Nb
N¯(1− b) +
N2α2b
2
N¯2α21(1− b)2
]N−1
[
1 +
b
(1− b) +
α2b
2
α21(1− b)2
]−N
[
e
−N
(
α21b(1−b)+2α2b
2
α2
1
(1−b)2+α2
1
b(1−b)+α2b
2
)
−N¯
(
1−
α21b(1−b)+2α2b
2
α2
1
(1−b)2+α2
1
b(1−b)+α2b
2
)]
(5.71)
For i = 3
F (N) =
N¯N
N !
[
1 +
Nb
N¯(1− b) +
N2α2b
2
N¯2α21(1− b)2
+
N3α3b
3
N¯3α31(1− b)3
]N−1
[
1 +
b
(1− b) +
α2b
2
α21(1− b)2
+
α3b
3
α31(1− b)3
]−N
[
e
−N
(
1−
α21b(1−b)+2α2b
2
α2
1
(1−b)2+α2
1
b(1−b)+α2b
2
)
−N¯
(
1−
α21b(1−b)+2α2b
2
α2
1
(1−b)2+α2
1
b(1−b)+α2b
2
)]
(5.72)
Similarly we can calculate the higher order distribution functions by taking
higher order terms. The effect of higher order terms on distribution function is
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shown graphically in figures from (5.1) to (5.12). We have plotted distribution
function F (N) verses the numberN of galaxies for different order terms at dif-
ferent values of softening parameters. It is evident from the graphs that we
get peak values of distribution function at smaller number of particles and the
peak values are more for higher order terms. Thus we see the effect of higher
terms is that clustering is quick and this is the case of strongly degenerate sys-
tem. At higher values of clustering parameter the effect is more as compared
to the lower values. the peaks are more sharp at higher values of clustering
parameters.
5.4 Moments for extended structures
The general properties of the distribution function can be characterized by the
moments of the distribution. Fluctuations are related to the variations of the
number of particles, energy or other physical quantities throughmoments (Ah-
mad et al 2002). The fluctuation moments for the number of particles are:
(∆N)2 =
TN¯
V
∂N
∂P
)
T,V
(5.73)
Using the equation of state for pressure given in equation (5.50), we get
∂P
∂N
)
T,V
=
T
V
[
1− bi −N ∂bi
∂N
]
(5.74)
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This can be put in the simplified form by using ∂bi
∂N
= dbi
dx
∂x
∂N
and using ∂x
∂N
= x
N
where x = N
V
T−3 as:
∂P
∂N
)
T,V
=
T
V
[
1− bi − x∂bi
∂x
]
(5.75)
On further simplification
∂P
∂N
)
T,V
=
T
V
[
1− bi − x db
dx
dbi
db
]
(5.76)
From equation (5.59) we get
x
db
dx
= b(1− b) (5.77)
Using equation (5.77) in (5.76)
∂P
∂N
)
T,V
=
T
V
[
1− bi − b(1− b)dbi
db
]
(5.78)
substituting equation (5.78) in (5.73) we have the number fluctuation as:
(∆N)2 =
N¯
1− bi − b(1− b)dbidb
(5.79)
Using expression for bi we determine
dbi
db
=
[∑i
l=1 l
2αlα
i−l
1 b
l−1(1− b)i−l −∑il=1 αlαi−l1 (i− l)bl(1− b)i−l−1
αi1(1− b)i +
∑i
l=1 αlα
i−l
1 b
l(1− b)i−l
]
− bi[−αi1i(1− b)i−1 +∑il=1 αlαi−l1 lbl−1(1− b)i−l −∑il=1 αlαi−l1 (i− l)bl(1− b)i−l−1
αi1(1− b)i +
∑i
l=1 αlα
i−l
1 b
l(1− b)i−l
]
(5.80)
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Now Using equation (5.80) we calculate dbi
db
for different values of i to see the
effect of higher order clustering on number fluctuation moments. Here we cal-
culate for i = 1, 2, 3 and the other terms can be calculated by similar procedure
using the same equation.
For i = 1, we have
db
db
= 1 (5.81)
For i = 2
db2
db
=
[α21(1− 2b) + 4α2b] + b2[α21 − 2α2b]
α21(1− b)2 + α21b(1− b) + α2b2
(5.82)
For i = 3
db3
db
=
[α31(1− b)(1− 3b) + α1α2b(4− 5b) + 9α3b2] + b3[2α31(1− b)− α1α2b(2− 3b) + 3α3b2]
α31(1− b)3 + α31b(1− b)2 + α1α2b2(1− b) + α3b3
(5.83)
Thus the effect of higher order terms on number fluctuation moments is clearly
seen from the expressions above.
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Table 5.1: Effect of softening parameter on higher order clustering
ǫ/R1 α1 α2 α3 α4 α5 α6
0.05 0.992 0.615 0.398 0.363 0.437 0.175
0.10 0.975 0.568 0.296 0.169 0.108 0.025
0.15 0.953 0.524 0.238 0.104 0.047 0.008
0.20 0.927 0.483 0.197 0.070 0.025 0.004
0.25 0.899 0.445 0.166 0.053 0.016 0.002
0.30 0.871 0.410 0.142 0.040 0.010 0.001
0.35 0.842 0.378 0.122 0.030 0.007 0.000
0.40 0.813 0.349 0.106 0.026 0.005 0.000
0.45 0.785 0.322 0.092 0.021 0.004 0.000
0.50 0.757 0.297 0.081 0.017 0.003 0.000
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Table 5.2: Effect of higher terms on clustering at ǫ/R1 = 0.1
b b2 b3 b4 b5 b6
0.00 0.00 0.00 0.00 0.00 0.00
0.02 0.02 0.02 0.02 0.02 0.02
0.04 0.04 0.04 0.04 0.04 0.04
0.06 0.06 0.06 0.06 0.06 0.06
0.08 0.09 0.09 0.09 0.09 0.09
0.10 0.11 0.11 0.11 0.11 0.11
0.12 0.14 0.14 0.14 0.14 0.14
0.14 0.16 0.17 0.17 0.17 0.17
0.16 0.20 0.20 0.20 0.20 0.20
0.18 0.22 0.23 0.23 0.23 0.23
0.20 0.25 0.26 0.26 0.26 0.26
0.22 0.28 0.30 0.30 0.30 0.30
0.24 0.32 0.34 0.34 0.34 0.34
0.26 0.35 0.37 0.38 0.38 0.38
0.28 0.38 0.42 0.43 0.43 0.43
0.30 0.42 0.46 0.48 0.48 0.48
0.32 0.46 0.51 0.53 0.54 0.54
0.34 0.50 0.56 0.59 0.60 0.60
0.36 0.54 0.61 0.65 0.66 0.67
0.38 0.58 0.67 0.71 0.74 0.74
0.40 0.62 0.73 0.79 0.82 0.83
0.41 0.64 0.76 0.83 0.87 0.87
0.42 0.66 0.79 0.87 0.91 0.92
0.43 0.68 0.83 0.91 0.96 0.97
0.44 0.70 0.86 0.95 1.00 1.00
0.45 0.73 0.89 1.00 - -
0.46 0.75 0.93 - - -
0.47 0.77 0.97 - - -
0.48 0.80 1.00 - - -
0.50 0.84 - - - -
0.52 0.89 - - - -
0.54 0.94 - - - -
0.56 0.99 - - - -
0.56 1.00 - - - -
0.58 - - - - -
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Table 5.3: Effect of higher terms on clustering at ǫ/R1 = 0.15
b b2 b3 b4 b5 b6
0.00 0.00 0.00 0.00 0.00 0.00
0.02 0.02 0.02 0.02 0.02 0.02
0.04 0.04 0.04 0.04 0.04 0.04
0.06 0.06 0.06 0.06 0.06 0.06
0.08 0.09 0.09 0.09 0.09 0.09
0.10 0.11 0.11 0.11 0.11 0.11
0.12 0.14 0.14 0.14 0.14 0.14
0.14 0.16 0.17 0.17 0.17 0.17
0.16 0.19 0.20 0.20 0.20 0.20
0.18 0.22 0.23 0.23 0.23 0.23
0.20 0.25 0.26 0.26 0.26 0.26
0.22 0.28 0.29 0.30 0.30 0.30
0.24 0.31 0.33 0.33 0.33 0.33
0.26 0.35 0.40 0.40 0.40 0.40
0.28 0.38 0.41 0.42 0.42 0.42
0.30 0.42 0.45 0.46 0.46 0.46
0.32 0.45 0.50 0.51 0.51 0.51
0.34 0.49 0.55 0.56 0.57 0.57
0.36 0.53 0.60 0.62 0.63 0.63
0.38 0.57 0.65 0.68 0.69 0.70
0.40 0.61 0.71 0.75 0.77 0.77
0.41 0.63 0.74 0.78 0.80 0.80
0.42 0.65 0.77 0.82 0.84 0.85
0.43 0.68 0.80 0.86 0.89 0.90
0.44 0.70 0.83 0.90 0.93 0.93
0.45 0.72 0.87 0.94 0.97 0.98
0.46 0.74 0.90 0.98 1.00 1.00
0.47 0.77 0.93 1.00 - -
0.48 0.79 0.97 - - -
0.49 0.81 1.00 - - -
0.50 0.83 - - - -
0.52 0.88 - - - -
0.54 0.93 - - - -
0.56 0.98 - - - -
0.57 1.00 - - - -
0.58 - - - - -
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Table 5.4: Effect of higher terms on clustering at ǫ/R1 = 0.2
b b2 b3 b4 b5 b6
0.00 0.00 0.00 0.00 0.00 0.00
0.02 0.02 0.02 0.02 0.02 0.02
0.04 0.04 0.04 0.04 0.04 0.04
0.06 0.06 0.06 0.06 0.06 0.06
0.08 0.09 0.09 0.09 0.09 0.09
0.10 0.11 0.11 0.11 0.11 0.11
0.12 0.14 0.14 0.14 0.14 0.14
0.14 0.16 0.17 0.17 0.17 0.17
0.16 0.19 0.19 0.19 0.19 0.19
0.18 0.22 0.22 0.23 0.23 0.23
0.20 0.25 0.26 0.26 0.26 0.26
0.22 0.28 0.29 0.29 0.29 0.29
0.24 0.31 0.33 0.33 0.33 0.33
0.26 0.34 0.36 0.37 0.37 0.37
0.28 0.38 0.40 0.41 0.41 0.41
0.30 0.42 0.45 0.46 0.46 0.46
0.32 0.45 0.50 0.50 0.50 0.50
0.34 0.49 0.54 0.55 0.55 0.55
0.36 0.53 0.60 0.60 0.61 0.61
0.38 0.57 0.64 0.66 0.67 0.67
0.40 0.60 0.70 0.73 0.74 0.74
0.41 0.63 0.72 0.76 0.77 0.77
0.42 0.65 0.75 0.80 0.80 0.81
0.43 0.67 0.78 0.83 0.85 0.85
0.44 0.70 0.81 0.86 0.88 0.89
0.45 0.71 0.85 0.90 0.93 0.93
0.46 0.74 0.88 0.94 0.97 0.97
0.47 0.76 0.91 0.98 1.00 1.00
0.48 0.78 0.95 1.00 - -
0.49 0.80 0.98 - - -
0.50 0.83 1.00 - - -
0.52 0.87 - - - -
0.54 0.92 - - - -
0.56 0.97 - - - -
0.57 0.99 - - - -
0.58 1.00 - - - -
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Figure 5.1: Comparative study of distribution function at b = 0.20, N¯ = 1 and
at ǫ/R1 = 0.10 for i = 1, 2, 3, 4, 5
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Figure 5.2: Comparative study of distribution function at b = 0.26, N¯ = 10 and
at ǫ/R1 = 0.10 for i = 1, 2, 3, 4, 5
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Figure 5.3: Comparative study of distribution function at b = 0.32, N¯ = 10 and
at ǫ/R1 = 0.10 for i = 1, 2, 3, 4, 5
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Figure 5.4: Comparative study of distribution function at b = 0.38, N¯ = 10 and
at ǫ/R1 = 0.10 for i = 1, 2, 3, 4, 5
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Figure 5.5: Comparative study of distribution function at b = 0.24, N¯ = 10 and
at ǫ/R1 = 0.15 for i = 1, 2, 3, 4, 5
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Figure 5.6: Comparative study of distribution function at b = 0.26, N¯ = 10 and
at ǫ/R1 = 0.15 for i = 1, 2, 3, 4, 5
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Figure 5.7: Comparative study of distribution function at b = 0.34, N¯ = 10 and
at ǫ/R1 = 0.15 for i = 1, 2, 3, 4, 5
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Figure 5.8: Comparative study of distribution function at b = 0.4, N¯ = 10 and
at ǫ/R1 = 0.15 for i = 1, 2, 3, 4, 5
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Figure 5.9: Comparative study of distribution function at b = 0.2, N¯ = 10 and
at ǫ/R1 = 0.2 for i = 1, 2, 3, 4, 5
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Figure 5.10: Comparative study of distribution function at b = 0.26, N¯ = 10
and at ǫ/R1 = 0.2 for i = 1, 2, 3, 4, 5
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Figure 5.11: Comparative study of distribution function at b = 0.36, N¯ = 10
and at ǫ/R1 = 0.2 for i = 1, 2, 3, 4, 5
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Figure 5.12: Comparative study of distribution function at b = 0.42, N¯ = 10
and at ǫ/R1 = 0.2 for i = 1, 2, 3, 4, 5
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Discussion and Summary of Results
A basic premise of classical thermodynamics is that systems in equilibrium can
be characterized by a finite set of macroscopic parameters. Distribution func-
tion has been developed mainly from a thermodynamic approach to galaxy
clustering. The discovery of fundamental statistical mechanical description of
the cosmological many-body problem has provided more rigorous basis for its
earlier thermodynamic description. The statistical mechanical approach agrees
with thermodynamics and is also more powerful for some purposes such as
determining the velocity and energy distribution functions. Equilibrium ther-
modynamics deals with average macroscopic quantities. In reality, objects are
always buzzing around inside the system. Within any sub-region, and from
region to region, the macroscopic quantities will fluctuate around their aver-
age value. A remarkable aspect of equilibrium thermodynamics is its ability
to describe fluctuations. In fluctuation process, there is exchange of extensive
quantities such as energy, volume or number of regions.
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Thermodynamic fluctuations can be probes for gravitational clustering
of galaxies in the expanding universe. Further, these thermodynamic fluctua-
tions can be correlated with Riemann geometric approach, which in turn can
be related to clustering parameter b. First attempt in this direction was made
by Ruppeiner (1996) who derived different functional forms of clustering pa-
rameter b. We treat the thermodynamic fluctuation problem in different way.
Firstly, we study the problem on the basis of Gaussian curvature at critical
point which is related with the correlation volume. From this we developed
a second order differential equation, which gives a functional form of cluster-
ing parameter b after solving it by series solution technique. The solutions so
obtained, confirms earlier functional form derived from thermodynamic and
statistical mechanical results (Saslaw & Hamilton 1984, Ahmad et al 2002).
We examine cosmic energy equation for extended galaxy structures on the
basis of different models of universe. We also extend the power spectrum and
density fluctuations for extended structure by introducing softening parameter
both for linear and non-linear regimes. The results are compared with earlier
results of point mass structures. It is found that softening parameters intro-
duced in the theory influence the thermodynamic fluctuation theory. Results
obtained with spectrum analysis are also compared with Riemannian geomet-
ric approach (Ruppeiner 1996) to the galaxy clustering. The singular solutions
of thermodynamic fluctuation results can be interpreted on the basis of power
spectrum analysis in terms of power index law of two point correlation func-
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tion.
The cosmic energy equation for extended structures derived by Ahmad
et al. (2009) and the relation between point mass system and non-point mass
systems for b (Ahmad 2002) has been used to study the evolution of b for non-
point masses of galaxies.The critical value of b for non-point masses is deter-
mined and by using the result of N-body simulations that the value of β is
sensitive to the primordial power spectrum law it is revealed that the critical
value of b for both point mass and extended structures depends on n, which
for point masses reduces to earlier results of (Suto et al. 1990). Thus an at-
tempt has been made to investigate the different numerical values of b which
were obtained by Ruppeiner (1996) using Riemannian geometric approach to
thermodynamic fluctuation theory.
The evolution of b for extended structures is further studied by equating
the mean square number fluctuations to the mass fluctuations and by mak-
ing use of the expression for power spectrum for both linear and non-linear
regimes. The results reduce to point mass results of (Suto et al. 1990) for ǫ = 0.
The comparison of point mass and non-point mass results with N-body simu-
lations is shown for different softening parameters. The results are not much
affected by smaller values of ǫ. The effect of extended structures on galaxy
clustering is also studied and the relation between b(t) and the density fluctua-
tions for extended mass galaxies in cosmological many body problem is found
which reduces to point mass results of (Zhan 1989). The numerical solution
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of the linear perturbation equations for non-point mass systems leads to the
evolution of b(z) as a function of redshifts. The graphical comparison is shown
for ǫ = 0.1 and ǫ = 0.15 in units of cell size and it is shown that the results are
not affected much by the small values of softening parameters. The results are
similar to those of the results of (Saslaw 2000) for point masses.
On the basis of thermodynamic fluctuation theory (Ruppeiner 1995,1996)
developed a method for Riemannian curvature and applied it to the gravita-
tional galaxy clustering in the universe. By equating Riemannian thermody-
namic curvatures at critical values Ruppeiner (1996) obtained a second order
differential equation and obtained number of solutions which gave relation be-
tween b & ρ¯T−3 and one of the solutions resembles (Saslaw & Hamilton 1984)
and (Ahmad et al. 2002). However, no explanation is known for other so-
lutions, which are based on different singular points of b. We have made an
attempt to interpret other solutions on the basis of power-spectrum analysis.
Our results indicate that critical values of b obtained from power-spectrum
analysis are comparable with (Ruppeiner 1996) values obtained from the fluc-
tuation theory. It is interesting to note that we can interpret these results on
the basis of initial conditions of gravitational clustering which lead to differ-
ent power laws for two-point correlation function. One can observe from table
(3.2) that for n = 0, there is no effect of haloes because fluctuations on all wave-
lengths are equally strong which results into white noise. In other words we
can say that white noise spectrum is independent of frequency which implies
∆N ∝ √N initial fluctuations on all scales. For example Poisson initial condi-
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tions correspond to flat (n = 0 or white noise) initial power spectra having the
least coherence and this explainswhy they developmost readily into the quasi-
equilibrium distribution (Saslaw & Fang 1996). Further, N-body simulations
carried earlier by Saslaw et al. (1990);Itoh et al. (1988, 1993) show that relax-
ation to the observed distributions of quasi-equilibrium statistical mechanics
occurs for initial power-law perturbation spectrum with power-law in-dices
between −1 and +1. On the other hand, if the system has initial power spec-
tra steeper than n = 1, it may not evolve into sequence of quasi-equilibrium
states. Thus it needs further study for different initial power spectra to obtain
theoretical distribution function of galaxies and compare it with observations.
It is very interesting to investigate the problem and make detailed study for
obtaining distribution functions for n = 1, 0, −1 and −2 models. This may
also lead us in understanding the physical process with different initial condi-
tions responsible for gravitational clustering of galaxies in the universe. These
different models in which the underlying physical motivation deserves more
attention.
The thermodynamic fluctuation theory which is combined with Rieman-
nian geometric approach was developed by Ruppeiner (1996). He assumed
two thermodynamic quantities temperature T and density ρ as independent
variables and obtained diagonal line element and obtained general expression
for curvature. However, we developed a theory by taking pressure P and
temperature T as independent variables which gave rise to non-diagonal line
element and corresponding Riemannian geometry with non-zero curvature for
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cosmological N-body galaxies. Various metric elements are determined which
are used to find the curvature for such interactions. We apply the general the-
ory to find curvature of ideal gas, which is evaluated to zero. This confirms the
validity of the theory. We apply the theory to determine curvature of gravita-
tionally interacting galaxies. Further, we apply the result at critical point and
determine the value of free energy at critical points. By doing so we devel-
oped a famous non-linear 2nd order partial differential equation calledMonge-
Ampere equation, whose general solution is obtained for arbitrary constants.
The statistical mechanical approach for cosmological many-body prob-
lem was derived on the assumption that system is ”undervirialized” (Ahmad
et al 2002). For such undervirialized system we can neglect higher powers of
Gm2/rT in the equation (5.11). This ratio is usually considered to be small
for either weak interactions or higher temperature, or low density case i.e. for
large separation < rij >. We considered gravitational clustering of strongly
degenerate system of galaxies, which is case for virialized system in which
average separation < rij > is small such that higher terms contribution can
not be neglected. We refer such system as strongly interacting system known
as strongly degenerate system of galaxies. We evaluate the configurational
integral for higher terms and subsequently partition function represents for
strongly degenerate system. It has interesting properties, which differ from
earlier results of weakly interacting systems. The effect of softening parame-
ter on higher clustering is clearly indicating convergence of partition function.
One can observe effect of higher order terms on clustering parameter b. The
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clustering is faster for higher order terms for example clustering b2 = 1 corre-
sponds to b = 0.56, b3 = 1 corresponding to b = 0.48 etc. Thus we can interpret
that higher order terms play important role in clustering parameter. This new
result needs further investigation which can play an important role for grav-
itational dense clusters which differs from weakly interacting systems. We
evaluated all thermodynamic functions for strongly degenerate systems and
distribution function for such systems have been found analytically. The dis-
tribution function for strongly degenerate systems is compared with weakly
degenerate systems and results clearly show that they are different for dif-
ferent clustering parameters. These results need further study which may be
comparedwith observational distributional function. This comparison will en-
able us to predict the virialization of different cluster systems.
Finally, we briefly summarize the main results obtained from the present
study.
1. Gaussian curvature at critical point can be used to derive functional form
of clustering parameter b, which confirms the earlier results obtained
from statistical mechanics and gravitational thermodynamics.
2. The functional form of clustering parameter b is sensitive to primordial
power spectrum index n. At critical point of b, the extended structure
depends on power index n.
3. We interpret different functional forms obtained by Ruppeiner (1996) us-
ing Riemannian geometric approach to thermodynamic fluctuation the-
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ory. Our results further indicate that critical value b obtained from power-
spectrum analysis are comparable with Ruppeiner (1996). The power in-
dex n = 1, 0,−1,−2 correspond to critical value of bc = 0.70, 0.75, 0.87
and 1 respectively, which was not known earlier.
4. The evolution of b(z) as function of redshifts for extended structures in
both linear and non-linear regimes in the expanding universe for differ-
ent models is studied and comparison with point mass is obtained. There
is not much effect due to extended structure in the expanding universe.
5. There is no effect of haloes, because fluctuations on all wavelengths are
equally strong which results into white noise. We can confirm that white
noise spectrum is independent of frequency which implies ∆N ∝ √N
initial fluctuations on all scales.
6. The Poisson initial conditions correspond to flat (n=0) initial power spec-
trum having the least coherence and this explains why we develop into
quasi-equilibrium distribution. If the system has initial power spectrum
steeper than n = 1, it may not evolve into sequence of quasi-equilibrium
states.
7. The clustering parameter b strongly depends on the number of terms
taken in configurational integral. The clustering is faster for system of
dense galaxy systems i.e. for strongly degenerate system clustering is
different from weakly interacting system.
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